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Abstract 

We study bubbling phenomena of anti-self-dual instantons on x E, 
where E is a closed Riemann surface. The restriction of the instanton to 
each boundary slice {z} x E, z £ is required to lie in a Lagrangian 
submanifold of the moduli space of flat connections over E that arises from 
the restrictions to the boundary of flat connections on a handle body. 

We establish an energy quantization result for sequences of instan- 
tons with bounded energy near {0} x E: Either their curvature is in fact 
uniformly bounded in a neighbourhood of that slice (leading to a com- 
pactness result) or there is a concentration of some minimum quantum 
of energy. We moreover obtain a removable singularity result for instan- 
tons with finite energy in a punctured neighbourhood of {0} x E. This 
completes the analytic foundations for the construction of an instanton 
Floer homology for 3-manifolds with boundary. This Floer homology is 
an intermediate object in the program proposed by Salamon for the proof 
of the Atiyah-Floer conjecture for homology-3-spheres. 

In the interior case, for anti-self-instantons on x E, our methods 
provide a new approach to the removable singularity theorem by Sibner- 
Sibner for codimension 2 singularities with a holonomy condition. 



1 Introduction 

The aim of this paper is to complete the analytic foundations for the definition 
of instanton Floer homology groups HF^^^*' {M , Ly) begun in [W3]. Here M is 
a compact, oriented 3-manifold with boundary dM = S and Ly C Ms is a 
(singular) Lagrangian submanifold of the moduli space Ms of flat connections 
on the trivial SU(2)-bundle over S. This Lagrangian is Ly ■— £y/5^'^(S), 
where Cy C A^'^l'S) is a Lagrangian submanifold of the space of LP-connections 
given by the L^-closure of the flat connections on a handle body Y restricted 
to dY = S. Here Q^'P{'E) is the group of W^^'^-gauge transformations, and Ly 
is actually independent of the choice oi p > 2. 
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This Floor homology serves as intermediate object in the program proposed 
by Salamon [Sa] for the proof of the Atiyah-Floer conjecture for homology-3- 
spheres. 

Fukaya [Fu] was the first to suggest the use of Lagrangian boundary con- 
ditions in order to define a Floer homology for 3-manifolds with boundary. 
His setup uses nontrivial bundles (where the moduli spaces of flat connections 
are smooth manifolds) and thus cannot immediately be used in the context of 
the Atiyah-Floer conjecture, where the bundles are necessarily trivial and thus 
the moduli spaces of flat connections are singular. Our approach is to define 
HF*jg(.(M, _Ly) from the moduli spaces of anti-self-dual instantons on K x M 
with Lagrangian boundary condition in Ly, i.e. from the gauge equivalence 
classes of connections S G ^(M x M) satisfying the boundary value problem 



Note that the boundary condition is nonlocal: It firstly asserts the local condi- 
tion that the connection is flat on each boundary slice; but secondly its holon- 
omy has to vanish around those loops in S that are contractible in Y, which is 
a global condition. 

In [W3] we describe this approach in full detail and we establish the elliptic 
theory for this boundary value problem (allowing for a larger class of Lagrangian 
boundary conditions). Fix p > 2, then every IVj^'^-solution is gauge equivalent 
to a smooth solution and the following analogue of Uhlenbeck compactness is 
true: Every sequence of solutions with locally L^-bounded curvature is gauge 
equivalent to a sequence that contains a C°°-convergent subsequence. 

In this paper we address the question of bubbling: What happens if a se- 
quence of solutions has bounded energy |FhP < oo but its curvature Fs 
is not locally L^-bounded for any p > 2? 

In the case of a 4-manifold without boundary this question is answered by 
the compactification of the moduli space of anti-self-dual instantons leading to 
the Donaldson invariants of smooth 4-manifolds [D] and to the instanton Floer 
homology groups of closed 3-manifolds [Fl] . This compactification is described 
in terms of trees of anti-self-dual instantons on 5^ that 'bubble off' at isolated 
points on the original 4-manifold. In the case of the present boundary value 
problem, we do not attempt this compactification but only establish the rele- 
vant facts for the definition of the Floer homology groups. So the answer comes 
in two parts (that will be stated more precisely in theorems 1.2 and 1.5): 

Energy qucintization: If the curvature is not uniformly bounded near an in- 
terior point x € K X intM or near a boundary slice {s} x S C M x dM, then 
there is a minimum energy eg > that concentrates at this point or slice. 

Removal of singularities: Every smooth finite energy solution on the com- 
plement of an interior point or a boundary slice can be put into a gauge in which 
it extends to a solution over the full manifold. 




(1) 
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In the case of interior points, these are the two wellknown analytic ingredi- 
ents for the compactification of the moduh space (see e.g. [Ul] for Uhlenbeck's 
removable singularity theorem). The anti-self-dual instantons on 5^ are ob- 
tained by rescaling the connections near the bubbling point x. The limit object 
then is an instanton on IR.'* whose singularity at infinity can be removed resulting 
in an instanton on a nontrivial bundle over S^. 

In the case of bubbling at the boundary, one might also find instantons on S"* 
bubbling off at boundary points. These would arise from sequences of solutions 

and interior points x"^ with distance t'' ^ to the boundary M x dM, where 
the curvature \Fsi'{x'^)\ = {W^Y blows up at a rate such that R^f^ oo. If 
R^t" stays bounded, then the standard rescaling construction will lead to anti- 
self-dual instantons on increasingly large domains of the half space. In [Sa] it 
was conjectured that there is an energy quantization for the limit objects anti- 
self-dual instantons on the half space. However, the local rescaling construction 
looses the global part of the boundary condition. With only the slicewise flatness 
as boundary condition, one cannot expect to obtain better convergence than 
weak M^^'^'-convergence (for any p < oo) up to the boundary. In the interior, 
one of course has smooth convergence, and thus might find a nontrivial limit 
object. However, in case W^t^ 0, even the limit object might be trivial if the 
blowup is in the curvature part for which one does not have C°-convergence up 
to the boundary. ^ 

This disciission suggests a more global analysis of the bubbling phenomenon 
taking into account the full S-slices and localizing only in the two other vari- 
ables. An adapted rescaling construction seems to lead to holomorphic discs in 
the space of connections over S (with the Hodge operator as complex structure) 
with Lagrangian boundary conditions. We do not have a precise convergence 
statement. However, we were able to prove the corresponding energy quantiza- 
tion result by purely analytic means - after all using partial convergence results 
for the naive local rescaling construction described above. 

Before giving the precise statements of our main results we introduce the 
setup and some basic notation. (For more details on gauge theory and the 
notation used here see [W2] or [Wl].) Throughout this paper, we are work- 
ing in a small neighbourhood of a boundary slice of a Riemannian 4-manifold 
with a boundary space-time splitting in the sense of [W3, Def 1.2]. So we are 
considering the following local model. 

Wc denote by Br{xa) C R" the closed ball of radius r > centered at 
Xq € M". The intersection of a ball with the half space 

M" :={(5i ,...,5„_i,t) eR" |t>0} 

^Writing H = <E>ds + ^di + A near the boundary {t = 0} and assuming p > 4, one obtains 
W^'P-bounds for H except for the second 9a, 9t -derivatives of the connections A{s,t) on the 
S-sIices. These bounds suffice to obtain C^-convergence for the curvature component Fj\, but 
not for Bs = dsA + dj\'i>. Tiic latter requires full VF'^'P-bounds, which would only result 
from a Lagrangian boundary condition coupled with the Cauchy-Riemann equation for A as 
a function with values in A^iTI), c.f. [W3]. 
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is denoted by 



Dr{xo) := B^(xo) nH". 



Moreover, we write D := Dro(O) C for the 2-dimensional half ball centered 
at of some fixed radius ro- Next, let S be a closed Riemann surface. Now the 
local model is the trivial SU(2)-bundle over the Riemannian 4-manifold 



Here gs,t is a family of metrics on E that varies smoothly with (s,t) € D. We 
will call any metric of this type a metric of normal type. 

For all purposes in this paper, wc can replace SU(2) by a general compact, 
connected, and simply connected Lie group G. Now a G-connection on Z) x S is 
a l-form S G fi^(-D x E, g) with values in the Lie algebra g. We will write A(X) 
for the space of smooth connections over a manifold X, then Afiat{X) denotes 
the space of smooth flat connections, and G{X) is the space of smooth gauge 
transformations on X (i.e. maps to G). The Sobolev spaces of connections and 
gauge transformations are denoted by 



We will be dealing with anti-self-dual instantons on _D x S that satisfy a La- 
grangian boundary condition as follows. Let p> 2 and fix a handle body Y with 
boundary dY = S, then the following Lagrangian submanifold is introduced in 
[W2, Lemma 4.6], 



We consider the following boundary value problem for connections £ A{D x E) 



The compactness result [W3, Thm B] for this boundary value problem can be 
phrased as follows for the local model. Here int(Z)) = int(Bro(0)) ri Bl^ denotes 
the interior in the topology of H^. 

Theorem 1.1 (Compactness) [W3] 

Let p > 2 and let g'^ be a -convergent sequence of metrics of norm.al type 
on D X T,. Suppose that "By e A{p x E) is a sequence of solutions of (2) with 
respect to the metrics g'^ such that H^H" ||lp(dxi;) uniformly bounded. 

Then there exists a subsequence (again denoted by 'By) and a sequence of 
gauge transformations u" & Q{D y. Yi) such that u'^ converges uniformly 
with all derivatives on every compact subset ofmt{D) x E. 

Next, we state the energy quantization result that will be proven in section 2. 



{D x E , ds^ + di^ + ). 



A'^-PiX) = W^'='f(X,T*X(8)fl) 
gfc.p(X) = W'''P{X,G). 



cIlp {a G Aat(S) I 3A e ^flat(l^) : i|E = ^} C (E). 




(2) 
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Theorem 1.2 (Energy quantization) 

Let ro > and let vn. he a C°°-compact set of metrics of normal type on D xYl. 
Then there exists a constant £o > such that the following holds. 

Let e A{D xT,) be a sequence of solutions of (2) with respect to metrics 

S m. Suppose that for all 5 > 

sup ||JhHIlo=(d,(o)xe) = 
Then after taking a subsequence there exist {s'\t") ^ and such that 



L 



I D^i^is" ,t'')x'E. 

Remark 1.3 

(i) By theorem 1.1 the assumptions in theorem 1.2 imply that for a subse- 
quence and with any p> 2 one has for all S > 

sup ||^^hHLp(,3,(0)xE) = 



(ii) With the stronger assumption in (i) it suffices to consider a C^- compact 
set of metrics in the theorem, as will he seen in the proof. By following 
through the proof of theorem 1.1, in particular [W3, Thm 2.6], one can 
moreover check that the set of metrics in theorem 1.2 only needs to be 
-compact. 

To sec (i) note that otherwise one would find a sequence 'Ey of solutions with 
respect to a C°"-convergent sequence of metrics g" and constants C, 5 > such 
that II-Fh'' ||_LP(D25xs) < C but ||-Fk''||i,~(Daxs) ^ oo- Due to the L^'-bounded 
curvature one would then find a subsequence and gauges in which the connec- 
tions converge uniformly on Dg x S. Since the norm of the curvature is gauge 
invariant, this contradicts the above divergence. In fact, we will need to make 
the stronger assumption in (i) for some 2 < p < 3 in order to deduce the energy 
quantization directly. (This is why we had to establish theorem 1.1 in [W3] in 
the technically more difficult case 2 < p < A.) 

With this stronger assumption the structure of the proof of theorem 1.2 will 
be similar to an argument in the interior case, where it is possible to obtain the 
energy quantization result independently of the removal of singularities and of 
any geometric knowledge about energies of instantons on S^. This argument 
just uses a wellknown mean value inequality for the Laplace operator and will 
also be explained in section 2. In our case we will need a mean value inequality 
up to the boundary at which we cannot simply reflect the function. Instead, we 
will use a mean value inequality for functions with a control on the Laplacian 
and on the normal derivative at the boundary, which we introduce in [W4] . The 
following result from [W4] should give an idea of this type of a priori estimate 
- in the actual proof, we will need a slightly different, more special version. 
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Lemma 1.4 For every n > 2 there exists a constant C such that for all A,B >Q 
there exists B) > with the following significance. 

Let Dr{y) C H" he the Euclidean n-ball in the half space of radius r > and 
center y G H". Suppose that e G C'^{Dr{y), [0, oo)) satisfies 

and / e < iJ,{A, B). 

JDr{v) 




Then 



e{y) < Cr-" [ e. 



With the energy quantization estabhshed, every sequence of solutions of (1) 
with bounded energy converges smoothly on the complement of finitely many 
interior points and boundary slices (modulo gauge and taking a subsequence). 
Now the remaining key analytic point for the definition of the Flocr homology 
groups is to show that the limit object - after gauge - gives rise to a new solution, 
that will have less energy. At the interior points, this is Uhlenbeck's removable 
singularity theorem [Ul, Thm 4.1]. For the boundary slices, this requires the 
following removal of codimension-2-singularities that will be proven in section 5. 
Here again Z) c denotes the standard closed half ball with center and some 
fixed radius ro > 0, and we introduce the punctured half balls 

£>; := D,(0) \ {0}, \ {0}. 

Theorem 1.5 (Removal of singularities for boundary slices) 

Let S G A{D* X S) he a smooth connection with finite energy Jj-f.^^. 
and suppose that it satisfies 



S|(s,o)xE G >Cr VsG [-ro,0)U(0,ro]. 

Then there exists a gauge transformation u € Q{D* x S) such that u*S extends 
to a smooth connection and solution of (2) on D x "E. 

Both the energy quantization and the removal of singularities rely on the spe- 
cific form of the Lagrangian boundary condition: Connections in jCy C A^'^^E) 
are extended from dY = E to fiat connections on Y with the L^-norm on E con- 
trolling the L'^-norm on Y. The corresponding linear and nonlinear extension 
results are given in the following lemma and are proven in section 3. 

Lemma 1.6 There exists a constant Cy such that the following holds. 

(i) For every smooth path A : (— e, e) Cy H .4(E) there exists another path 
A : (-£,£) .Aflat (i^) -with dsA{0)\gy = dsA{0) such that 

\\dsA{0)\\L3^y)<Cy\\dsA{0)\\mj:). 

(ii) For all Ao, Ai G CyC\A{Y:) there exist Aq, Ai G .Aflat (^) with Ai = Ai\ay 
such that 

||^-^IU3(r) < Cy\\Ao - Ai\\L2^j:y (3) 
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Remark 1.7 The constant Cy in lemma 1.6 can be chosen uniform for a C^- 
neighbourhood of metrics on Y and the induced metrics on S = dY . 

This can be seen by using a fixed metric for the construction of the exten- 
sions. The L^(S)- and L'^(y )-norms for different metrics are then equivalent 
with a small factor for C^-close metrics. 

The nonlinear extension in (ii) allows to define a local Chern-Simons func- 
tional for short arcs from jCy to Cy- We consider smooth paths A : [0, tt] A{T,) 
with endpoints A{0),A{'k) e Cy . For such paths lemma 1.6 (u) provides ex- 
tensions A{0),A{tt) G ^flat(^) of A(0), A(7r) that satisfy (3). We pick any such 
extensions to define 

CS{A):=-\[ [{AAd^A)d4> (4) 
Jo Jt, 

+ ^ ^ ( i(0) A [i(0) A i(0)] ) - ( i(7r) A [A{n) A i(7r)] ). 

Here the notations [••] and ( •• ) indicate that the values of the differential forms 
are paired via the Lie bracket and an equivariant inner product on q respectively. 
This is the actual Chern-Simons functional on ?U{o}xs [0, tt] x SU{^}xs^ of the 
connection given by A(0), A, and A{tt) on the different parts. (Here Y denotes 
Y with the reversed orientation.) The extensions A{Q) and A{'k) could both 
vary by gauge transformations that are trivial on dY = S. So the connection 
on the above closed manifold might also vary by a gauge transformation (that 
is trivial on the middle part). The Chern-Simons functional however does not 
vary under gauge transformations that are homotopic to 1, and it only changes 
by multiples of 47r^ for others.^ In fact, if we restrict to short paths, then we 
will see in section 4 that our local Chern-Simons functional is welldefined and 
satisfies an isoperimetric inequality. 

Lemma 1.8 (Isoperimetric inequality) 

There exists e > such that for all smooth paths A : [0, tt] — *■ A{T,) with 
A{0),A{n) G Cy and \\d^A\\L2(^^^ < e the local Chern-Simons functional (4) 
is welldefined and satisfies 

\CS{A)\ < (^£\\d^A\\^,^^^d<p 

The significance of the local Chern-Simons functional for theorem 1.5 is in the 
fact that the energy of the connection can be expressed by this functional. The 
isoperimetric inequality will then provide a control on the rate of decay of the 
energy on small neighbourhoods of the singularity. This can be combined with 
mean value inequalities as in lemma 1.4 to obtain estimates on the connection 
(in a specific gauge) near the singularity. Finally, we will be able to remove the 
singularity using a cutoff construction and the compactness result, theorem 1.1. 

^This constant is correct for G = SU(2) with (^,??) = tr(^*T;). For a general Lie group we 
can achieve the same constant by scaling the inner product appropriately. 
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Note that in our approach aU biibbhng at the boundary is treated glob- 
ally, even if it could be described as an instanton on S"^ bubbling off at the 
boundary. In fact, the energy quantization result also holds for interior slices 
(i.e. {s} X {f} X E C M X intAf in a tubular neighbourhood R x [O.e) x S of 
M x dM). This description of the bubbling phenomena would then require a 
removable singularity result for anti-self-dual instantons with a singularity of 
codimcnsion 2. An obviously necessary condition for this result is that the limit 
holonomy around the singularity vanishes almost everywhere. It was shown by 
Sibner-Sibner [Si, Thm 5.2] and Rade [R, Thm 2.1] that this condition is in 
fact sufficient. Moreover, the fact that interior bubbling only occius at isolated 
points shows that the holonomy condition is satisfied at interior slices. This 
is of little use in our context, so we stick to a pointwise description of interior 
bubbling. 

However, our techniques for the removal of slice singularities at the boundary 
also give rise to an alternative approach to the Sibner-Sibner result for interior 
slices. In fact, this approach might lead to a general normal form in terms of the 
limit holonomy for finite energy anti-self-dual instantons with a singularity of 
codimension 2. (This question was raised by Kronheimer and Mrowka in [KM].) 
However, in this paper, we only consider a special case in which we obtain a 
largely simplified proof of the removal of singularities. This proof is given in 
section 5. In order to state the result we denote by B the standard closed ball 
with center and some fixed radius tq > 0, and we introduce the punctured 
bah B*, 

B := Br„ (0) C M^, B* :=B\ {0}. 

Introducing polar coordinates (r, ^) on B* one can write any connection on 

B* X T, in the form S = Rdr + ^dcj) + A, where ^ is a family of 1-forms on 
E. The holonomy condition in [Si] is equivalent to the existence of a gauge in 
which 

We will make the stronger assumption that in fact there is a gauge in a neigh- 
bourhood of the singular slice in which $ = 0. 

Remark 1.9 (Removal of singularities for interior slices) [Si, R] 

Let S € A{B* X E) be a smooth anti-self-dual connection with finite energy 
/b*xe 1-^=1^ < 00 and suppose that S is gauge equivalent to a connection on 
B* X T, with $ = 0. Then there exists a gauge transformation u G Q{B* x E) 
such that u*S extends to a smooth anti- self- dual connection on B xT,. 
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2 Energy quantization 



The energy quantization result for anti-self-dual instantons at interior points 
could be phrased as follows (in the special case of a Euclidean metric). 

Theorem 2.1 There exists a constant Eq > such that the following holds. 

Let B := -Bro(O) C he the Euclidean A-ball of radius ro > and let 
'By e A{E) fee a sequence of anti-self-dual connections. Suppose that 

sup ||^HHIioo(B,(o)) =0° ^'^>0- 

Then after taking a subsequence there exist B 3 x'^ ^ and e'' ^ such that 

for allv€N 



If- I' > £0. 



This is of course a wcllknown result in gauge theory. Here we give a purely 
analytic proof that does not use the removable singularity result. This exhibits 
a general method for establishing energy quantization whenever one has a (non- 
linear) bound on the Laplacian of the energy density, and this implies a mean 
value inequality on balls of small energy. In our case, this mean value inequality 
will be provided by the following wellknown result (see e.g. [W4]). 

Proposition 2.2 For every n G N there exist constants C, n > 0, and 5 > 

such that the following holds. 

Let M" fee equipped with a metric g such that \\g — l\\yyi,^ < 6. Let Br{0) C 
M" fee the geodesic ball of radius < r < 1. Suppose that e S C'^{Br{0), [0, oo)) 
satisfies for some A,B>0 

Ae<Ae + Be^ and / e < iJ.B~^ . 

Then 



e(0) < C(At +r-") / 
Je 



Br{0) 

Proof of theorem 2.1: By assumption one can find a subsequence and 

points B B x" ^ such that R'^ := |-Fh,. (.t'')| 2 00. We pick a sequence 
^ such that still s'^R" 00. Now consider the energy density functions 
e" = |FhH^ : B [0,oo). One can check (see (5) below) that Ae" < 8(e'')i. 
Let /i > be the constant from the mean value inequality proposition 2.2, then 
the theorem holds with eg = Indeed, for all sufficiently large e N (such 
that Bgi'{x") C B) we either have e" > sq, or by means of proposi- 

tion 2.2 

{R^f = e-^ix") < Cie")-^ [ e" 

and thus [e^R^Y — ^^o- Since e'^R'^ — > 00 the latter can only be true for finitely 
many z/ g N. □ 
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The proof of theorem 1.2 will run along similar lines. Here the mean value in- 
equality (with a boundary condition) will be applied to the functions Hi^H" Ili2(£;) 
that are defined on D = Drg{0) C H^. So firstly, we need to show that the as- 
sumption in theorem 1.2, i.e. no local uniform bound for the curvature near the 
slice {0} X E, actually implies a blowup of the above function (the slicewise 
Z/^-norm of the curvature) at e H^. Here remark 1.3 (i) is crucial: It asserts 
that in fact there is no local L^-bound for the curvature near {0} x S for any 
p > 2. From this stronger assumption (we need p < 3), lemma 2.4 below will 
then imply the blowup of HFh" ||i2(s)- 

The underlying analytic facts of this lemma and the whole proof of theo- 
rem 1.2 will be mean value inequalities for both H-Fh'^ lli2(E) ('-'^^ ^ 2-dimensional 
domain with boundary) and l-fs'^p (on a 4-dimcnsional domain). So we shall 
first calculate the Laplacians and normal derivatives of these functions. For that 
purpose we write the connection in the splitting 

E = A + $ds + -^dt, 

where A : D ^ f^^(S,0) and $, * : D ^ n"{Y.,g).^ By d^ and d^ we then 
denote the families (parametrized by (s, t) G D) of operators on S corresponding 
to A{s,t). Moreover, we introduce the covariant derivatives 

V, := 5, + [$,•], Vt:= St + [*,•]. 

Now the components of the curvature are Fa and 

B, := dsA-dA^ = [Vs,dA], 
Bt := diA-dA^ = [Vt,dA], 
- 9,4- + = [Vt,V.]. 

The Bianchi identity dH-Fk = becomes in this splitting 

VsFa = dABs, VcFa = dABt, V sBt - VtB, = d^lV*, V,], 

and the anti-self-duality equation is 

*Bs = Bt, *FA = [Vt,Vs]. 

Lemma 2.3 There is a constant C (varying continuously with the metric of 
normal type in the -topology) such that for all solutions S G A{D x E) of (2) 

A|Fh|^ < C\fJ^ + S\Fe.\^, 

< C{l+\\FA\\^^^^;)\\F^t.^^y 
-^lt=oll-^=llz,2(E) ^ C\\Bs\\\2^^)- jj^^sBs hB,) 

^Note that this notation differs from [W3], where we wrote A = B + ^ds + ^'dt. 
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Proof: The anti-self-duality equation together with the Bianchi identity gives 

VsB, + VtBt = *{~VsBt + VtBs) - {d,*)Bt + {dt*)B, 
= -*dA*FA - {ds*)Bt + {dt*)Bs. 
Using this identity we obtain 
(V2 + V2)B, 

= Vs{-ytBt - *dA * Fa - {ds*)Bt + {dt*)B,) + Vt(V,Bt - d^ * Fa) 
= [*Fa, Bt] - *dA * S7.,Fa - *Fa] -dA* VtFA - [B*, *Fa] 

- (9,*)(dA * Fa + VsBt) + {dt*)VsB, - *dA{ds*)FA - dA{dt*)FA 

- {dl*)Bt + {dsdt*)B, 

= d\dABs + d^d^^S, - 3 * [B„ *Fa] - {dl*)Bt + {d,dt*)B, 

- {ds*)VtB, + {dt*)VsB, - *dA{ds*)FA - dA{dt*)FA, 

{Vl + VI)Fa = VsdABs + ViAaBi 

= dA{VsBs + VtBt) + [B, a Bs] + [Bt A Bt] 
= dAd*AFA + 2[BshBs\. 

Continuing these calculations leads to the Bochner-Weitzenbock formula (c.f. 
[BL, Thm 3.10]) for anti-self-dual connections 

= (dHd|-Fd|dH)i='H = V|VHi^H + ^ko(RicA5-^2i^)-^7^=(FH)• 

The quadratic term Tl"{Fs) G ri^(-D x can be expressed with the help of 
a local orthonormal frame (ei, . . . , 64) of T{D x S) as 

4 

■Jl^{Fs){X,Y) = J2{[Fs{ej,X),Fs{ej,Y)] - [Fs{ej,Y),Fs{ej,X)]}. 

This gives the first estimate 

A|Fh|^ = -2\VeFs\^ + 2{Fs, V^VhFh ) 

< -2( Fh , Fh o (Ric Ag + 2R)) -2{Fs, n^{Fs) ) (5) 

< C\Fs\^ + SlFsf . 

Here the constant C depends on the Ricci transform Ric and the scalar curvature 
R of the metric g. It can thus be chosen uniform for a C^-neighbourhood of the 
fixed metric. 

The purpose of the calculations in the beginning is the following identity: 

-iA||FH||5,2(s) = W^sFaWI^ + ||VtFA||^, + W^sBsWl, + W^tBsWl, 

+ {Fa, {vI + V',)Fa)lh^) + {Bs, {Vl + V't)Bs)LHi:) 

+ { *Fa , {d'^*)FA )l2(s) + {*Bs, {dl*)Bs )v^{^) 

+ ( {ds*)FA , *VeFA >L=(E) + ( {ds*)B, , *V,S, )i2(s) 
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II ii2 II ii2 II ii2 

-{B,, + (92*) * Bs - idsdt*)B, )i2(s) + {*Fa, {dl*)FA )mj:) 

+ { id,*)Bs , VtBs + *V,B« )i2(s) - ( {d,*)B, . V«B« )i2(s) 

This yields the second inequality 

A||FHf^,(^) < C{\\B,\\\,^^^ + \\Fa\\1.^^;) - 2Q{Fa , [B, A B,] )^2(^). 

Here the constant C depends on the second derivatives of g^^t and its inverse. 
Using the Bianchi identity, the anti-self-duality equation, and in addition the 
boundary condition Fa\^_q = we obtain for the normal derivative as claimed 

-3^lt=ol|-^=llz,2(S) = -{i^A, VtF^)L2(E) + {Be, Vt^a >L2(E)) I^^q 

= {B,, -VsBt + dA*FA)LHs)\t^o 
= f {B,A{VsB,-*{d,*)B,))l^^ 

<{c\\Bs\\l^^)-ljVsB,AB,))l^^. 

The second estimate for the normal derivative can be checked in any gauge at 
a fixed {sq, 0) G D D dM"^. We choose a gauge with $ = and hence Bg = dgA. 
Then for the path S|(-. o)xs = ^('jO) in lemma 1.6 (i) provides a path of 
extensions A : {sq — £, so + s) ^ ^flat(^) such that 9sA(so)|s = dsA{so, 0) and 
||95^(so)||i,3(r) < C'||c^«^(so5 0)||i,2(j;). Here we fix a smooth path of metrics on 
Y that extend the metrics gsfi on S for s G [— ro,ro]. The constant C can then 
be chosen uniform for all (sq) 0) G F> Ci dEP. So we calculate at s = Sq 



/ (V,B,AB«>= / {dsAAdsdsA) 

JY, JdY 



dY 

(d^dsAAdiA)- I (dsAAd^d'iA) 



Y 



= J^{dsAA[d,AAdsA]) 



lY 

< \\dsA\\ls^y^ < c=^||a,^||i2(^) = c3||Balli.(s)- 



Here we have used the fact that = 0, so d^dgA = dgF^ = and 
= d^F^ = d^d^A + [dsAAdsA]. 



□ 



The significance of the following lemma is that a uniform bound on the 
slicewise L^-norm of the curvature of an anti-self-dual connection implies an 
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I/^-bound on the curvature for any p < 3. The specific value of the latter bound 
is not relevant here. We only give it for comparison with a similar calculation 
in the proof of proposition 2.7. 

Lemma 2.4 Fix ro > 0, let2 < p < 3, and let m be a -compact set of metrics 
of normal type on DxT,. Then there exists a constant Cp such that the following 
holds for all < 5 < ^ro- 

Let S G A{D25{0) X E) be anti- self- dual with respect to a metric in m and 
suppose that for some constant c 

< C y{s,t) e £'25(0). 

Then 

Proof: Fix a metric of normal type on. D x H. It suffices to prove the estimate 
with a uniform constant for all metrics of normal type in a C^-neighbourhood 
of the fixed metric. We choose this neighbourhood such that we have a uniform 
constant Ci in the estimate from lemma 2.3, 

A|Fh|^ < Ci\Fsf + 8\FEf . 

Next, the normal coordinates at any (s,t,z) £ D 1,^.^.^(0) x E give a coordinate 
chart on Bji{s,t, 0,0) D H"' with i? > in which the fixed metric (and hence 
all metrics in a sufficiently small neighbourhood) is C^-close to the Euclidean 
metric. This R> can be chosen uniform for all (s.t.z) G Z)i,.j^(0) x E such 
that the metrics in the coordinates meet the assumption of proposition 2.2. Now 
let fi := ^ where /i > is the constant from the theorem, and assume that 
(s, t, z) G Ds{0) X E. One can then apply this mean value inequality to e = |i^Hp 
on Br{s,t,0, 0) for r = min(t, R, c^^y^/I/Tr ) . Since 

JBr{s,t,0,0) JBr(s,t) ^ ' 

we obtain with a uniform constant C for all (s, t, z) G Ds{0) x S 

\Fsis,t,z)f < Cr-'^ [ < C7rc^mm{t,R,c-^^/pJ^y^. 

(Here we have used the fact that r < i?, so Ci^ + r"** < Cr~^ with a uniform 
constant depending on R.) This pointwise control of F-~ combines with the 
bound on ||i^H(s, t)||i,2(j]) to yield for 2 < p < 3 



iF-ir < / llF-ll^"^ llF-ll^ dsdt 



<5c^ f (Cttc?)'^ {t^-P + mm{R,c-^^/ft/^Y~'') dt 
Jo 

< C/(54-PcP + <52c2p-2). □ 
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Note that the assumption p < 3 is crucial in this estimate. So a pointwise 
blowup of the curvature is not enough to deduce a blowup of ||i^H||L2(E)- As 
a consequence, it is essential that the compactness result [W3, Thm B] for 
solutions of (2) with an L^-bound on the curvature was established for 2 < p < 4 
(as well as for the easier case p > 4). These results put us in the following 
position near any slice of the boundary: There either is a local i^-bound with 
2 < p < 3 for the curvature (and hence a convergent subsequence up to gauge) 
or a blowup of the functions 11^=" Ili2(s) : -D — > [0, oo). 

If one now tries to mimic the proof of theorem 2.1, one firstly needs the 
following mean value inequality for the Laplacian with Neumann boundary con- 
dition, a proof of which can be found in [W4] . 

Proposition 2.5 There exist constants C, /x > such that the following holds. 

Let Dr{y) C 6e a Euclidean ball of radius r > and center y & 
intersected with the half space. Suppose that e G C'^{Dr{y), [0,oo)) satisfies for 
some constants A,B>0 



JDr(y) 

Another ingredient in our proof of energy quantization is the Hofer trick, 
[HZ, 6.4 Lemma 5], which we state here for convenience. 

Lemma 2.6 (Hofer trick) Let / : X [0, qg) be continuous on the complete 
metric space X. Then for every xo & X and eo > there exist x G B2eo (^'o) C X 
and < £ < eo such that sf{x) > sof{xo) and f{y) < 2/(x) for all y e Bs{x). 

The assumptions of proposition 2.5 will be verified by lemma 2.3. Firstly, 
the estimate for the normal derivative at the boundary, ~-§t\t-o^'^ ' results from 
lemma 1.6 (i), i.e. from a (linear) extension of tangent vectors to Cy to 1-forms 
on Y. Secondly, one should note that the term {Fa , [Bg A Bg] )l2(s) in the 
expression for A||Jh||^2(-5]) in lemma 2.3 is not yet in a form that can be con- 
trolled by any power of ||^H||i2(x;) required above. This is the central analytic 
problem of the bubbling analysis. It is overcome by the following proposition 
which shows that ||i^/i||L==(s) is essentially bounded by ||Fh||^2(5]-)- 

If this bound was not true, then one would roughly find a pointwise blowup 
of the F^-component of the curvature while the energy goes to zero. A lo- 
cal rescaling would then lead to a nonflat limit connection in contradiction to 
the vanishing of the energy. The nontrivial limit is obtained only when the 
blowup is mainly in the F^-component of the curvature. This is since after the 
local rescaling one has C°-convergence only for Fa (which satisfies a Dirichlet 
boundary condition) and not for Bg (for which the global Lagrangian boundary 
condition is lost). We will first state this result and show how it leads to a proof 
of theorem 1.2, and then give its actual proof. 




and 




Then 




e. 
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Recall that the boundary value problem (2) is the anti-self-duality equation 
together with a Lagrangian boundary condition in the space of flat connections 
over S. For the proposition below, it would actually suffice to assume only the 
flat boundary condition -Fk|(s,o)xs = in (2). 

Proposition 2.7 

(i) Let G A{D x S) be a sequence of solutions of (2) such that for some 

sup sup IIFh" (s,^)||J^2fs^ < 

Then 

sup sup ||FA-(s,f)|L^,„, < oo. 
- (a,t)el3/ 

(ii) For every -compact set m of metrics of normal type on DxT, and every 
A > there exists a constant C such that the following holds: 

Let "By e A{p X E) he a sequence of solutions of (2) with respect to metrics 
g" e m. Suppose that {s" ^t") G L)i^^, 0, and —> oo such that 

e^Ry >A>0 for all ugN and 

\\Fs^{s,t)\\^,^^^ < R'' ^{s,t) e £>2e^(s^O• 

Then for all sufficiently large v gH 

Proof of theorem 1.2: 

Let m be a C^-compact set of metrics of normal type on D x S and consider a 
sequence e A{D x E) of solutions of (2) with respect to metrics g" e m. We 
suppose that for some 2 < p < 3 there is no local Z/^'-bound on the curvature near 
{0} X S. By lemma 2.4 one then finds a subsequence (still denoted (S''),ygN) and 
D 9 (s"^, P) such that R" := H^k" i'')||z,2(E) ^ oo. We pick e'' ^ such 
that still E^'R" oo. The Hofer trick, lemma 2.6, then yields D 9 (s^^, 
and such that WF^-is"" ,t'')\\L^{i:) = with e^R" oo and 

ll^=-(*'*)|L2(s) < 2i?" y{s,t) e D2e^(s^^)• 

Next, proposition 2.7 (ii) asserts that for all ly > fo 

\\FA.{s,t)\\^^^^^ < C{R^)^ V(s,i) e D,.{s''X). 

Here and in the following C denotes any uniform constant. Now consider the 
functions e" = : D ^ [0, oo). Use lemma 2.3 and the above bound to 

see that these satisfy on Ds^'{s'^ jf^) 

Ae" < (7e'^-20(FA., [BrAS,^]>L2(s) < C(l + (i?^)2)e^ 
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For the normal derivative we obtain from lemma 2.3 with a uniform constant A 

Next, let /i > be the constant from the mean value inequality proposition 2.5. 
Now if 1/ > fo and 

/ < M"^ (6) 

then this proposition asserts that 



Jd, 



e. 



From this it would follow that 



/ e" > C-^{l + {s''R")-^ + {R")-^) \ 

Hence for all v > uq we must either have (6) violated or this inequality holds 
true. Now for sufficiently large u the right hand side is bounded below by \C~^, 
thus in any case 



/ \F^.\^ > min(iC7-i,/xC-2) =: eo- 



□ 



The proof of proposition 2.7 is based on the following boundary regularity 
result for anti-sclf-dual instantons on the half space with slicewise flat boundary 
conditions. These will arise from a local rescaling construction. 

Here we use the coordinates {x,y,s,t) with t > on M*, and as before we 
write connections S e yl(]HI^) in the splitting E ^ A + <f>ds + '^dt. Note that 
under the assumptions of the following lemma (with any p > 2), the strong 
Uhlenbeck compactness for anti-self-dual connections (e.g. [Wl, Thm E]) im- 
mediately implies the C°° -convergence of a subsequence of connections (in a 
suitable gauge) in the interior, away from dW^. The slicewise flat boundary 
conditions are not quite enough to also obtain this convergence at the bound- 
ary, however wc still obtain some partial regularity results for this boundary 
value problem. These provide the C°-convergence of the curvature component 
Fa, that vanishes on the boundary. 

Lemma 2.8 Let P > § and let -Di(O) C be the unit half ball of radius 1. 

Let g" be a sequence of metrics on Di (0) that converges to the Euclidean metric 
in the C^-norm. Let "E^ e A^'P[Di(Q)) be a sequence of anti- self- dual connec- 
tions with respect to the metrics g" and that satisfy fiat boundary conditions, 
Fa^U^o = 0. Suppose that 

Then there exists a subsequence such that 
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Proof: Let J7 C be a compact submanifold with smooth boundary obtained 
from L>3 (0) by 'rounding off the edge' at OT", so L>i (0) CU C -Di(O). (More 
precisely, Uhlenbeck's gauge theorem below requires that the domain U is dif- 
feomorphic to a ball; to obtain imiform constants, it should moreover be starlike 
w.r.t. 0.) Let a sequence of connections E'' as above be given. For sufficiently 
large u the metrics g"^ on U are all sufficiently C^-close to the Euclidean met- 
ric so that the Uhlcnbcck gauge for E'^\u exists with uniform constants: The 
energy l-Fk-'P becomes arbitrarily small for large v, so by [U2, Thm 1.3] or 
[Wl, Thm 6.3] these connections can be put into a gauge (again denoted by 

e A^^P{U)) such that d*S'' = and ^E^lou = 0. This gauge also gives a 
uniform bound ||E:''||vki.p((7) < Cuh\\FE.'^\\Lp(u) < C. 

We now have to follow through the higher regularity arguments in the 
proof of [W3, Thm 2.6] to find a uniform bound on Fa'^ in the Holder norm 
C°'^(£'i(0)) for some A > 0. This will finish the proof since the embedding 
^o,A ^ jg compact, so this would imply C'^-convergence for a subsequence. 
The limit can only be since that was already the L^'-limit on Di{0). 

Firstly note that the metrics on U are all C^-close, so [W3, Thm 2.6] allows 
for uniform estimates up to the third derivatives of the connections.^ Since 
2 < p < 3 we arc dealing with 'Boundary case IF in the proof of this theorem. 

We choose d> ^ such that := [—d, d] x [0, d] x B^i C U, where C 
is the Euclidean ball centered at 0. We moreover drop the superscript v. Then 
the connections E = A + $ds + ^idt with A : [-d, d] x [0, d] ri^(i?d;0) and 

^' : [—d,d] X [0,d\ ri''(_B(i;0) solve the following boundary value problem 
analogous to [W3, (12)].^ Here Qd is equipped with the metric ds^ + dt^ + gs,t, 
and we shall write d, d* and V for the families of operators on Bj with respect 
to the metrics gs^t- Note that due to the localization we only retain the flat 
boundary condition. 

< dsA + *dtA = dA^ + *dA^, (7) 

*(s,0) = ys€[-d,d], 
^ Fa{s, 0)=0 yse[-d,d]. 

Firstly, this combines to Laplace equations on $ and ^ (see (8) below) with a 
Dirichlet boundary condition for ^' and an inhomogeneous Neumann condition 
for 

By e.g. [W3, Prop 2.7] this yields W^'^-bounds for $ and ^ on Q4 with a slightly 
smaller d > |. Due to nonlinearities in the lower order terms, these bounds hold 
only for q = (i.e. when W^'^ ■ ^ L'^). However, we have assumed P > | 
so that g > 2 and thus W'^''i{Qd) embeds into C°((3d). 

''The original theorem requires C^-bounds, but C^-bounds suffice when the metrics are 
already given in the appropriate coordinates (that otherwise are determined by the metrics). 
^Note that B is replaced by A and we use the reference connection = 0. 
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Next, one has VK^-'J-bounds on d*A and clA as in [W3, (13)]. These lead 
to a bound on G VF^''((5d) (again for slightly smaller d > see [W3, 
Lemma 2.9]. In particular, A is bounded in W^''i{[-d,d\ x [0,d],W^'i{Bd)), 
which embeds into C'^iQd)- Thus wo have obtained C^-bounds on the whole 
connection S. Using these in the nonlinear terms and going through the previous 
two steps again yields bounds on * e W^'PiQd) and G W-'^iQa) (with 
slightly smaller d> |). In order to obtain bounds for third derivatives of $ and 
\E' we calculate 

A$ = d,{dt^ ~ d*A) + 9t ([$,*] - - *Fa) 

+ d* {dsA + *dtA + ^dA'f - [A, $]) (8) 
= at([$,4'] - *[AaA]) -d*[yl,$] - *d[A*] +1-0. . 

Here we have disregarded all lower order terms that arise from derivatives of the 
metric. From this one obtains an L'^-bound on AV$. Indeed, the crucial terms 
are *[AA VdtA] and *[VA A dtA], where in both cases the first factor is W^'P- 
bounded and the second factor is L^-bounded. The analogous calculation also 
works for \[', so with the boundary conditions as before we obtain (for smaller 
d > 0) bounds on V<I>, V\l/ G W^''^{Qd)- In particular this gives bounds for $ 
and ^ in W'^'m-d,d] x [0,d\,W^'i{Ba)), and thus *Fa = 5*$ - 5,* + 
is bomidcd in 1F^'''([— d, d] x [0,d],W^''^{Bd))- Now finally, there is a continu- 
ous embedding of W^'"^ (on a 2-dimensional domain with values in any Banach 
space) into the Holder space C^'^^ with some A > 0, so the above space embeds 
into C°'^'^([-(i, d] x [0, d], C°'^'^(i3d)), which in turn embeds continuously into 
C°'^(Qd)- Thus we obtain the claimed uniform bounds on Fa-' G C°'^{Qd)- □ 



Proof of proposition 2.7: (i) and (ii) are proven by the same contradiction. 

If (ii) was not true, then one would have a C''-compact set m of metrics 
of normal type on £) x S and A > with the following significance. For all 
fc G N there is a sequence G A{D x S) of solutions of (2) with respect to 
metrics G m, moreover (5^,?^) G F)i^^, £^ — > 0, and i?^ — > oo such that 
e^m > A > and 

II^h^(«'*)|Il^(e) ^ V(s,i) G D^,.^(sl,il). 

But for every G N and z/q G N there would exist v > vq, [sk, tk) G £>e^(s^, t'^), 
and 2:/s G S such that 

\FAi{sk,tk,Zk)\ > k{Rl) . 

For each fc G N we choose such that e^. < ^ and R'^ > k for all > vq- Then 
from a subsequence of a diagonal sequence one obtains solutions S*^ G A{D x S) 
of (2) w.r.t. a C^-convergent sequence of metrics g'^ g°°; e'^ ^ and i?'^ ^ oo 
such that s'^R'' > A; (s^^'=) ^ (s°°,i°°) G Di.^^, T.^ ^ z, and ^ oo 
such that „ 

|i^^.(s^^^z'=)| > {c^r^) . 

Since Dg^{sk,tk) C I?2e^(sfe,ife) one also obtains the bound 

||FH.(s,i)||^,(j,) < R'' V(s,i) G £)^.(s^^'=). 
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If (i) was not true, then one would find a sequence :iy G AiD x S) solv- 
ing (2), constants C, < (5 < ^ro, and (s'',r,2;'') G D^{^) x S such that 
\FA-{s'',t", z")\^oo but for all z/ G N 

sup ||-FH-(s,t)L2f21 ^ ^• 

(s,t)er>25(0) ^ ^ 

For a subsequence we can assume that {s^ ^t^ ,z") —>■ {s°°,t°°,z°°) G Di^^ x E. 

We set i?"^ = C := {FA-is" ,1" , z'')\i oo and := mm{{R'')-\S) 0. 
Then one has C < R", s^R"" > 1 =: A, and De^^is" c D25(0) for all 
sufficiently large G N. That way, we have constructed the same sequences as 
for (ii), to which we shall find a contradiction: 

• Solutions S"^ G A{D x E) of (2) with respect to C^-convergent metrics 
g" ^ g°°, constants ^ 0, R" ^ oo with s^R" > A > 0, and C oo, 
and points {s" ,1" , z") {s°° , t°° , z°°) G Di^^ x E such that 

sup ||FH.(s,i)||^,™ <i^^ \FA^{s\e,zn\>{C-'R''Y. 



Firstly suppose that limsup^^ t'^i?" > d > 0. In that case choose d > even 
smaller so (5 < A, then < r"" := d{R'')-'^ < e"" and < t" for a suitable 
subsequence. Now the geodesic ball Br" (s'', t" , z'^) with respect to g" is entirely 
contained in £) x E, and for sufficiently large v it will be small enough to lie 
within a normal coordinate chart around {s°° ,t°° ,z'^) for the metric g°° . In 
this coordinate chart all metrics g" for large v will be sufficiently C^-close to 
the Euclidean metric for proposition 2.2 to apply with uniform constants /i > 
and C. Next, lemma 2.3 gives a uniform constant Ci such that 

A|Fh.|^ < Ci|Fh.|%8|Fh.|^ (9) 

Let fi := and choose d < ^/pJtv then 

\Fs^\^ < ^{r''f{R''f < fi. 



So proposition 2.2 implies 



[CR'^y < \Fs^{s'',t\z'')\'' < + (r'^)-4) f 

Je 



Erf (S" ,f ,Z'') 

Putting in above estimate of the energy and r'^i?" = d > then leads to the 
contradiction 

(C")" < Cp,(Ci^R''y^ + d-'^) Cjld-'^ < oo. 

1/ — ^oo 

The second and crucial case is t'^R'^ 0. We choose A > d > and set 
r'^ d{R'')^^ < e'^ such that ^r'^ > f for sufficiently large v. Now for all 
{s,t) G Di^^s^^t") we have t<t'' + \r'' < jr", hence Bt{s,t) C D^^is" ,t''), 
and thus loi all ^; G E 
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JBt(s,t,z) 

As in the first case one can choose v sufficiently large such that for all z S S 
the above balls Bt[s, t, z) C D^" {s" ,t'')xT, lie within a normal coordinate chart 
around (s°° ,t°° ,z) for the metric g°° . Again, for large u all metrics g" in these 
coordinates will be sufficiently C-'^-closc to the Euclidean metric, so that (9) holds 
with a uniform constant Ci and proposition 2.2 applies with uniform constants 
> and C. We choose > sufficiently small so that ^i^dP < ^, then 
proposition 2.2 implies that for all {s,t,z) e Di^u{s'' ,t") x S 

|FH.(s,<,z)f < C(Ci2 + i-4) / ji^H'^l" < CTT{l+t-^){R!'f. 

JBtis,t,z) 

Note here that Cit < Ci{r'^ + f^) < ^ for sufficiently large i'. With the above 
pointwise control of the curvature we can interpolate similar to lemma 2.4 to 
find for any fixed 2 < p <3 and for all r < |r'' 



L 



£>r(s'',t'')xE JDr(s",t") 



' ' IIl~(e)II - IIl2(s) 



<C{R''Y [ (l + t^-p) 



<C{R''Y{T:r^ + ^{1" + rf-P) < C(i?")^(r + r)^-^ 

Here C denotes any uniform constant (depending on the choice off)). Next, re- 
call that \FA-'{s'',t'',z'')\ > {CR^Y ande^CR" > AC oo. So by the usual 
local rescaling we can define connections 5" on increasingly large 4-balls (inter- 
sected with half spaces) Be^c-R-{0) C] {t > -fCR"} C M"*. We use normal 
coordinates for g°° near (s°°, z°°) and write = {(s, t,z)\s,t & W,z & M^}, 
then these connections are defined by 

S''(s,t,z) := S''((s^^^z'^) + ^{8,t,z)). 

They satisfy the boundary condition Fj^„\t=-t"C" R" = 0, and they are anti- 
self-dual with respect to the metrics g^is, t, z) :— g''{{s'', , z") + (s, t, z)). 
Note that the coordinates were chosen such that on bounded domains the metric 
g°° (rescaled by C'^R'^) converges to the Euclidean metric in any C'^-norm. Thus 
for large v the metrics g^ become arbitrarily C^-close to the Euclidean metric. 

Moreover, this construction is such that |i^^,x(0)| > 1 for all v. On the other 
hand for all p > we have p{C'^R^)~^ < ^r" for sufficiently large v and thus 



IP 

lip(Bp(o)n{t>-t''C''ii''}) 



= {CR'^f-^" [ li^sH" 



.4-2p/ sp, ,™^^_1^4_p 



< c{c''Y~'^\fR'' + picy^y-p (10) 



0. 

->oo 
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If limsupj^ t'^C^W^ > 0, then wc can choose a subsequence and p > such that 
Fg„ is defined on .6^(0) for all v. Then the above estimate shows that \F^^ \ — > 
in the iP-norm on Bp{0) Due to the strong Uhlenbeck compactness for anti-self- 
dual connections (see e.g. [Wl, Thm E]) one can find a subsequence and gauge 
transformations (which do not affect the norm of the curvature) such that this 
convergence is actually in the C°-topology. This contradicts |F4„(0)| > 1. 

If t" := i^Ci?" then we need lemma 2.8 to obtain this contradiction. 
We shift the connections E'^ and metrics by r'' in the t-direction so they are 
defined on Dgi/Cfi?.- (0,t'^,0). In particular, for sufficiently large u, they are all 
defined on -Di(O). Now the E'^ satisfy flat boundary conditions at f = 0, and 
they are anti-self-dual with respect to the shifted metrics . Since the shifts 
t" converge to 0, we moreover preserve the C^-convergence of the metrics g'^ 
to the Euclidean metric. By this shift we have \F^^{0,t'^ ,0)\ > 1. Moreover, 
choose any | < p < 3, then we have H^^" llz,p(£)i(o)) ~^ ^ since for v sufficiently 
largo Di (0) C D2{0, t" , 0), and the latter is the domain in (10) after the shifting. 
Now lemma 2.8 asserts that in fact F^^ converges to in the C"-norm on Di (0). 
This however contradicts the fact that \F^^{z'')\ > 1 for = (0,^,0) ^ 6. □ 

3 Extension of connections in Cy 

This section is devoted to the proof of lemma 1.6, that is to extension con- 
structions that relate connections in the Lagrangian Cy on E = dY to flat 
connections on Y . Throughout F is a handle body with boundary dY = S a 
Riemann surface of genus g. We moreover fix some p > 2. The Lagrangian 
Cy C ^°'*'(S) as introduced in [W2, Lemma 4.6] is given by 

Cy = cIlp {a e ^flat(S) I 3i G ^flat(F) : ijs = A] 
= {u*{A\^) I A G ^flat(n,w G gi'^'(E)} 

= {A& ^°'^,(I]) I p,{A) G Hom(7ri(F,2),fl) C Hom(7ri(I], z), G)}. 

The space ^"'^^^(S!) of weakly flat L^-connections was introduced in [W2, Sec. 3]. 
If we fix any z G S, then every weakly flat connection is gauge equivalent to a 
smooth connection via a gauge transformation in the based gauge group 

gi^f(E) = {^.Ge^^^(I])|z.(^) = l}. 

Thus the based holonomy pz is welldefined on (S) by first going to a smooth 
gauge and then calculating the holonomy along fixed generators of 7ri(S, z). We 
moreover recall from [W2] that Cy is a Banach submanifold of ^^'^(S), and 
it is Lagrangian with respect to the symplectic form a;(a,/3) = J^{a A P) in 
the sense that TaCy C i^'(E,T*E g) is a maximal isotropic subspace for 
all A G Cy- Finally, Cy has the structure of a ^^'^(^)"bundle over the g-fold 
product G X • • • X G ^ Hom(7ri(r, z),G), 

gl'P{T,) ^ Cy ^ GO. 
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Wc will fix a bundle atlas by specifying local sections over a finite cover of . 
For that purpose we choose loops ai, /3i, ... ,ag, Pg C S disjoint from z that 
represent the standard generators of 7ri(S) such that a\,. . . ,ag generate Tri{Y) 
and the only nonzero intersections arc a; n /Si . One can then modify the ai such 
that they run through z and coincide in a neighbourhood of z but still do not 
intersect the /3j for j ^ i. 

The based holonomy : Cy = Hom(7ri(y. z), G) is now given by the 

g holonomies hold- : Cy G for the paths ai starting and ending at z. 

Next, we choose spanning discs of the 0i that are pairwise disjoint and inter- 
sect dY in Pi only. Their tubular neighbourhoods provide orientation preserving 
diffeomorphisms tpi : [0, 1] x D ^ Zi (with £) C the unit disc) to disjoint 
neighbourhoods Zi c Y of the spanning discs. They can be chosen such that 
ai O Zj = (li for i ^ j and such that tjji : [0, 1] X {y} —> aiHZi for some y S dD. 
We then fix the induced orientation for the ai. 




Choose A > less than the injectivity radius of exp : g ^ G and fix a 
function r G C°°([0, 1], [0, 1]) with t|[q ij = and t\^3^^ = 1. Now given any 
fixed e° = (6l?,...,6»0) e we choose smooth paths 7° : [0,1] ^ G with 
7?|jQ 1] = 1 and ifld,!] = ^r^- -Ba(0°) C G^ be the closed exponential 
ball around 8°. Then for every O = (9i) E -Ba(0'^) we have local gauge 
transformations Vi & Q{Zi) given by Vi{ipi{t,x)) = (7°(t) exp(T(i)^i))~^, where 
^i = exp-'^{{ef)-'^ei) e Ba(0) C 0. Note that Vi = 1 and Vi = 9^'^ near the two 
boundary components of Zi C Y. These local gauge transformations can be used 
to define a local section of Ly, that is a smooth map S : Ba{&^) ^flat(i^) 
such that pz{E{e)\j:) = 6, 

TTz-ft^ _ / ^'r^dwj ; on Zi, , . 



;onF\Uf=i^i. 

We now fix 9° e G^ for j = 1, . . . , A'' such that the domains Bi^{Qj) already 
cover all of G^. This gives rise to a bundle atlas for Cy given by the charts 

ai'^'(E) X i?A(eO) Cy 

Next, wc can find tubular neighbourhoods ca : [—1,1] x [0, 1] ^ S of the loops 
Oi = Oi{0,-) that again coincide near z for all i = l,...,g. Then these are 
a family of loops based at ai(T, 0) = ai(T, 1) = z{t) for some i-independent 
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smooth path z : [— 1, 1] ^ E \ IJ Zj. As before, the intersection Q:i(r, •) n Zj will 
be empty for i ^ j, and for i = j \t is Vi([0, 1] x {^(t)} for some y{j) € dD. 

Note that for the special connections S(©) e >lflat(^) as in (11) the holono- 
mics hol5,.|-^-)(S(8)) = hol„.(S(8)) arc independent of t G [—1,1]. For other 
connections, the variation of the paths ai(T, •) along re [—1,1] allows to control 
the holonomy by the connections in the i^-topology. 

Lemma 3.1 There exists a constant C such that the following holds. 

(i) For all smooth paths A : {—s,s) there exists r € [—1, 1] such that 

with 9 = holg . (t-) {A{0)) for all i = 1, . . . ,g 

|a,u=oiioi5,M(^(s))|^^c < c||a,A(o)|Ui(j:). 

(a) For all Aq, Ai G -4(E) there exists r G [—1,1] such that for all i — 1, . . . ,g 

distG(hol5.(r)(^0), h0l<i.(r)(^l)) < C|| - ^1 || Li (S) ■ 

Proof: Starting with the proof of (ii) we recall that for every i = 1, . . . ,g and 
all T e [—1, 1] the holonomies ho\^.(^^-^{Aj) = Uj{l) G G for j = 0, 1 are given by 
the solutions uj : [0, 1] — > G of 

UjUj^ = —ai{T)*Aj with Uj{0) = 1. 

Note that for fixed i = 1, . . . ,g and r € [—1, 1] 

dt{uQ^ui) = -Uq^uqUq^ui + Uq^ui = ^ai(r)*(Ao - Ai) Ml. 

Hence 

distG(hol5,(r)(Ao) , hola,(r)(Al)) =distG(l, Mo(l)"^Ml(l)) 

< / \dt{uo{t)-\i{t))\dt 
Jo 

< [ \a,{Tr{Ao-A,)\dt. 

Next, for every i = 1, . . . ,g there exists a set C [—1,1] of measure \ Vi\ > 2 — ^ 
such that for all r G 

ai{Ty{Ao-Ai)\dt < g j |ai(r)*(Ao - Ai)| dtdr 

< C ( \Ao-A^\ < CllAo-AilUi(s). 

Hero the constant C only depends on the cmbcddings on. Now the claim (ii) 
is true for all r G HiLi^j' which is nonempty. In case (i) we similarly find 
T G [—1,1] such that 

\'\ai{Tr(d,A(Si))\dt < Clia,A(0)|]ii(s). 
Jo 
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Now with 9 = hola.(T-)(A(0)) we obtain as above 

\ds\s=oiiola,(r){A{s))\'T,G = 1™! IspMistc (llola,(^)(^(0)) , hola.(^)(^(s))) 

dt 



< lim 

~ s->0 



= [ \ai{TydsA{0)\dt. 
Jo 



□ 



Now consider the extension problems in lemma 1.6. Given connections in 
Cy j the above lemma provides a control of the holonomies based at some point 
z{t). This point can vary in a neighbourhood oi z G S. However, for any such 
basepoint, the sections (11) will provide flat connections on Y with the holonomy 
of the given connections on S. So on dY ^ E, these connections only differ by 
a gauge transformation. Thus we require the following extension construction 
for gauge transformations. Here and in the following d| for S G A{Y) denotes 
the exterior derivative on A{T,) associated with the connection 



Lemma 3.2 There is a constant C such that the following holds for any con- 
nection S = Sj(6) e ^fiat(^), G -Ba(0") in the finitely many sections (11). 

(i) For all ^ e C°°(E,fl) there exists ^ e C°°(y,g) such that = ^ and 

\\<^d\\L.(Y) < C\\dlaL^(^y 

(ii) For all u e ^(S) there exists u e QiX) such that u\dY = u and 

||rS-S||^3(y) < C\\u*E\j:-E\j:U.^^y 

For (ii) note that a smooth map E ^ G can always be extended to F — > G 
since by assumption tti (G) = (so extensions to discs in Y with boundary in S 
exist), and for general Lie groups 7r2(G) = (so these extensions can be matched 
up). We will moreover use the following quantitative result with N = G and 
thus i = 2, where the Sobolev spaces of maps into N G'M.'' are understood as 

VFi'9(0,7V) = {ue VFi'9(f2,M'=) I V'a; e O : u{x) G N}. 

Theorem 3.3 [HnL] Let N cR'^ be a smooth connected compact Riemannian 

manifold with TTi{N) = for all i = !,...,£. Then the following holds for all 
1 < q < £ + 2. Let C M™ be an open, bounded domain with piecewise smooth 
boundary. Then there exists a constant C such that for any u G W^~'^''^{dfl, N) 
there exists u G W^'''{Q,,N) with u|an = u such that 

||dn|U,(n)<C||n||^.-i„(^^^. 

In particular, if SI is simply connected and if we fix 1 < q < q and 1 < p < p 

such that p > q, P > "^m^ 'l' ^^671 there is a constant C such that for any 
u G W'^'P{dn,N) there exists u G T4^i'«(f7, TV) with u\dn = u such that 

||dw||z,<!(a) < C\\du\\Lf(dQ.)- 
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The first part is [HnL, Thm 2.1], and the second part is an easy consequence: 
One has W^^P{dn) ^ W^-^-\dn) and the trace W^''^" {Q) ^ W^^p' (dn) by 
e.g. [A, Thms 7.8, 5.22]. If Q is simply connected, then the operator (d, d*, -jao) 
is injective, so as in the proof of lemma 3.2 (i) one finds for all a € f2^(f2) 

||a||t?(n) < C(||da||(|^i,,-*(f2)). + \\d*a\\^'iYi.„' (Qyy. + ||Q;|an||i:,p(an))- 

The proof in [HnL] uses the solution v G W^''i{n, M*^) of d*d^; = with v\on = u, 
for which in this case ||dw||L9(Q) < C||du||i:,p(aQ). Variation of a 'centre' of a re- 
traction to A'' then gives u e W'^''^{il,N) with ||dw||i,(s;2) < C\\dv\\Lg(Qy This 
centre a € R*^ can be found to simultaneously yield the same estimate for q. 

Proof of lemma 3.2: 

For (i) we determine ^ G C°°(F, g) by solving the Dirichlet problem 

d^dH| = 0, i\aY=^. 

The operator (d|dH, -lav) on W^'^(y, fl) is a compact perturbation of the stan- 
dard Dirichlet operator {A,-\qy), so it is a Fredholm operator of index 0. It 
is surjective since its kernel equals ker(dH,-|ay) = {0}) where a solution of 
d^r] = is uniquely determined by its value at any one point via integration 
along paths. For ^ e C°°(E,g) the smoothness of the solution ^ follows from 
elliptic regularity. 

The estimate for d^S, will be provided by the following Hodge type estimate: 
There exists a constant C, independent of S, such that for all a £ f2^(F, g). 

||a|U3(y) < C(||dEa||^|(^^ + ||dia||^3^^j + ||a|ay|U2(s)). (13) 

If we put in a = d^^, then dsds^ = since S is flat and d^ds^ = by 
construction. So it remains to establish (13). If we consider the normal and 
tangential components of the 1-forms on Y separately, then this estimate deals 
with the operator d%ds with Dirichlet boundary conditions for the tangential 
components. Prom d~a one also has a Nciimann boundary condition for the 
normal component in terms of the tangential components. So a combination of 
Dirichlet estimates for the tangential components and a Neumann estimate for 
the normal component will imply (13). 

More precisely, one can use [Wl, Thm 5.3] to obtain -estimates for 
a{X), where X G r(Ty) is either tangential to dY (in which case one uses test 
functions (j) G C°°{Y, g) with (j)\gY = 0), or X is normal to dY (and one uses test 
functions with = 0). In both cases one then has the following estimates, 

where the constant C depends on S. Firstly, the boundary term vanishes in 

/ (a,d£x0) = / {d^a,Cx(l>)+ [ A *a] , Cx(l>) + [ {*a,Cx<i>) 
Jy jy jy Joy 

< C(||dla|| 3 + llall , 3 )U\\ , 3_. 
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This also uses the Sobolev inequaUty ||<;/>||w'i.3Ck) < C'||(/>|| 



. Secondly, one 



can use the Sobolev embedding W'^'i{Y) ^ W^''^{dY) (see [A, 5.22]) to obtain 



These two estimates can be considered as weak Laplace equations on a{X) with 
inhomogcnous Dirichlet or Neumann boundary conditions respectively. The 

according estimates sum up to 



Finally, the last term can be dropped since 

the embedding i3(y) ^ {W^4(Y))* 
is the dual of a compact Sobolev embedding, and the operator (dH,dS;, - lav) is 
injective. To see the latter consider an element a G Sl^{Y,g) of the kernel. We 
can write it as a = dsr] for some rj £ C°°(Y, q) with rj\dY = 0. ^ Then d^dzi] = 
with r]\dY = implies a = dsr] = by partial integration. Thus (13) holds for 
every S G .Aflat (5^)- 

The constant in (13) depends continuously on S with respect to the L°°- 
norm. It can be chosen uniform since we only consider smooth connections S 
that are parametrized by a finite number of compact sets .8^(6°) C G^. 

In (ii) we need to extend u : dY G to u : Y ^ G. Our construction 
will make use of theorem 3.3, where we fix an embedding G C M'' and some 
2 < p < |. We recall the diffeomorphisms : [0, 1] x D — > C F and denote 
-D(t) :— 'ipi{T, D) CY with the orientation induced by ijji. By construction the 
connection 5 vanishes over -D(t) for all r G [|, 1]. So given any u G S(S) we 
find Tj G [|, 1] for every i = 1, . . . ,g such that 



Since the ijji are fixed we then have with a uniform constant C for alH = 1, . . . ,g 

|dw||L2(an(Ti)) < C'||w*2|e - 2|s|1l2(s)- 

Now theorem 3.3 on O = D{Ti) C with q — p > 2 as fixed and q = p = 2 
gives Ui G W'^-P{D{Ti),G) with Mi|ar>(T,) = u\qd{t,) and 

\\dui\\L^D(Ti )) ^ C||w*S|e - S|e|Il2(s). 

^Sincc Fh = and d=Q = this is true on simply connected subsets of Y. We can moreover 
prescribe J?|ay = since oIqy = 0. Now Y can be covered with simply connected domains 
whose intersections are connected and meet dY. (The 1-skeleton of Y can be pushed to dY.) 
So if T] and rj' are each determined on one of these domains, then they have to match up on 
the intersection. This is since ds(?7 — r;') = with rj = rj' at one point only has the trivial 
solution T] = rj' . 




||a|U3(K) < C(||dHa||^3 +||d^a||^3 +|Hay|U.(E) + ||a|| 



(wi'i(F)) 



J- 
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Next, fix an embedding y C M"^ and cut Y open to obtain the simply connected 
open manifold Yf = int(F) \ Ui=i D{Ti). For any choice of f = (tj) G [|, 1]^' 
this is diffeomorphic to the standard domain int(y) \\JZi C with a uniform 
bound on every given derivative. Thus we can apply theorem 3.3 with a uniform 
constant to all these domains. Their piecewise smooth boundary then is 

a a 9 

dYf = ^f^\jD{Ti)u\jD{Ti) with j:^ = i:\\JdD{Ti). 

i=l i=l i—1 

Here D{Ti) is the boundary component attached to tpi{[0, Ti) xD) C Yf, whereas 
D{Ti) with the reversed orientation is attached to Yf \ipi{[0, Ti) x D). Now recall 
that E\zi = v^^dvi, where is smooth on Zi = ^i([0, 1] x D) and satisfies 
t'i|i/,.([o,i]xD) = 1 ^^'^ "i|D(ri) = ^i"^ G G. So we can write E\y^ = v~^dv, 
where v G C'^{Yf,G) is given hy v = Vi on ipi{[0,Ti) x D) and v = 1 on the 
complement. With this we define 

{vuv~^ ;onSi= 
u, ;onD(T,) G W^'P{Yf,G). 

er^u.e, -,011 D{n) 

This gauge transformation is chosen STich that on 

'w~^dw = vu~^v~^dvuv~^ +vu~^duv~^ —vv~^dvv~^ = v{u*E — E)v~^. 

So we can apply theorem 3.3 on 1^ ^ with q = |p, p = 3, and g = 2 to 
obtain w G W^'iP{Yf, G) such that wlgYf = w and 

||du;||i,3(y_) < C||dii;||i,2(ay_) 

< C{\\u*E - S||i2(s^) + ||dwi||i,2(£,(^.)) + \\er^duiei\\L2f^jj(n))) 

Noww := v~^wv G W^'i{Yf,G) satisfies uIe^ = u\j:- and ^[^^(t-.) = u, = Uj^i^^.y 
so it matches up to u G W^'i{Y, G). Also, 

— = V* w* {v~^)* dv — dv = v~^'w~^dwv, 

and hence 

\\u*E-E\\l3(y) = ||dw||i,3(Y_) < C||u*S|e 

Finally, we need a smooth approximation of u that so far is only continuous. 

In case [|u,*S|s — 2[sI|l2(5]) = we have du = uE — Eu, where E is smooth, 
so automatically u G G{Y). Otherwise we can find a smooth approximation 
u G g{Y) of the map u G W'^'iP{Y, G) C C°(y, G) with fixed boundary values^ 

^Pick any extension v 6 C°°(Y, G) of u\dY- Then u — v zero boundary 

values and thus can be approximated hy w e C^{Y, M'=). Now v + w eC^iY, K*") is C°-close 
to u and already identic to it on dV. So a projection from a neighbourhood of G C IR'° to G 
composed with v + w yields the required approximation. 
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u\dY = u\oY = u and \\u - ?l|l^^,i,3,,^^^^^^ < miii(l , ||u*s|s - 5|s||l2(s)). This 

is an approximation in W^'^{Y) as well as C°(F). So we introduce the notation 
dsu — u(u*5 — E)=du + Eu — uS to estimate 



\\u ^-^Wl^y) 

< \\u*E-E\\l3(y) + \\u^'^ {dsu - dEu)\\j^3i^Y) + II (■""^ - U~^)dsu\\L3(Y) 
<C||u*S|s-S|s||l2(s). 

The constant C again depends on E! e A°'^{Y), but since this only varies in a 
compact set, it can be chosen uniform. 

□ 

Proof of lemma 1.6 (i): 

For a given smooth path A : (-£,£) ^ £^0^(1]) let 9 = {0i) e C°°((-£, e), G^) 
be given by 9i{s) = holQ;(^)(A(s)). We pick t g [—1, 1] as in lemma 3.1 (i), so 

We can also pick one of the fixed 6^ G with 9(s) G -Ba(6°) for all s G (-e, e) 
for some smaller e > 0. (Note that it suffices to construct A{s) G ^fiat(^) for a 
neighbourhood of s = 0. Then we can arbitrarily extend it to a larger interval.) 
Now we can use the chart (12) with z = z{t) to write A{s) = u{s)*Ej{@{s))\j: 
with a smooth path u : (— £, e) Sz(S). So we have 

with ^ = dsu{0)u{0)-'^ G C~(E,0) and Eq = 5^(6(0)). Here the operators 

Tso'^'jls • T_Ba(05) ^ ^^(^1 T*S ® g) boimded, and we can choose a imiform 
constant on all of i?A(0°) for all j = 1, . . . , N. So we have with another uniform 
constant C 

Next, lemma 3.2 provides uq G G{Y) with Uo\dY = u and ^ G C°°(y, g) such 
that ^lav = ^ and 

||dEolllL3(y) < C|ldi„e||L2(E). 

If we now define A : (-£,£) Afia.t{Y) by A(s) = (exp(s|) uo)*Ej{<d{s)), then 
indeed dsA{0)\QY = dsA{0) and 

||9«i(0)|U3(y) = ||no'(TEoS,(a«e(0)) + dHol)«o|L3(^) 

< ||TH„s,|||a.e(o)| + ||dE„||U3(Y) < c||a,A(o)|U.(s). 

Here we have moreover chosen a uniform constant of continuity for the operators 
ThoSj : TBa(6°) ^ L^(F,T*F(8)0) on the compact domains Ba{Q°) for all 
j = l,...,N. □ 
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Proof of lemma 1.6 (ii): 

Let Ao,Ai G Cy H A{T,) be given. We will prove the lemma by construction, 
assuming that Aq = for some $° = (^?) e Bi^(e°). 

In general, we have uq € ^(S) such that Aq — m5Ej(>5")|e. The construc- 
tion below then gives extensions Aq, e ^flat(^) of {uq^)*Ao and {uq^)*Ai. 
Moreover, lemma 3.1 provides uq G Q{Y) such that uo\dY = uq. Then UqAq 
and UqAi are extensions of Aq and Ai, and the estimate on Aq — Ai also yields 

11^0^0 - UgAill^g^y^ = \\Ao - Ai||j:,3(y) 

< CyWiuo'TAo - (uo = Cy\\Ao - A.W^j:). 

So from now on suppose that ~ Then we already have the exten- 

sion Ao := e Afi^Y)- Note that hol5,(^)(Ao) = (/)° for all r e [-1,1]. 

Lemma 3.1 (ii) then provides r € [—1,1] such that for alH = 1,. . . ,g 

distG(<?i- , hola.(^)(^i)) < C||^o - ^i||z,i(e)- 

If ||Ao -^iIIli(s) < ^ then this implies $ := (hol5,(^)(Ai)),^i,...,g G BA(e°). 
In that case we have found a flat connection A := ($) on Y whose holonomies 
(based at z{t)) coincide with those of Ai, and 

11^ -^llL3(y) + ||Ao -i|ElU2(s) 

= ||s,(<i>o) - s,($)||^3^^^ + ||(S,($o) - S,($))|s||^,(^) 

< C7distG.($o, < C\\Ao-Ai\\m^). (14) 

Here and in the following, all uniform constants are denoted by C. We have in 
particular used the fact that the sections Ej and Sjls are smooth on a compact 
set, so they arc Lipschitz continuous with uniform constants. 

In case \\Ao — > ^ we also use the sections (11) to find a flat 

connection A := Sj/($) on Y with the same holonomies (based at z{t)) as Ai. 
The sections arc uniformly bounded in L^{Y) and i^(5]) since they arc smooth 
over a union of compact sets. Hence there is a uniform constant C such that 
||J[o-^||L3(y) + Mo-^|E||L2(s) < C, and thus (14) again holds with C = 

For the two flat connections Ai and A\s with coinciding holonomies one 
then finds a gauge transformation u G 5(S) such that u*A\^ = Ai. Now by 
lemma 3.2 (ii) there exists an extension u e G{Y) with u\j^ = u and such that 

< C(||^i - AoWms) + \\Ao - 

< C||Ai - Ao||l2(e). 

So if we put Ai := u*A e Afiat{y), then indeed ^ijar = Ai and 

||ii -Ao 11^3(5.) < \\u*A-A\\^,^Y) + \\^-M\L^iY) ^ C\\Ai-Ao\\L2i^). 

□ 
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4 Isoperimetric inequalities 



The aim of this section is to firstly introduce the local Chern-Simons functional 
and prove the isopca'inicrtric inequality, lemma 1.8. Secondly, we will show how 
the Chern-Simons functional is related to the energy of solutions of the boundary 
value problem (2). This relation will yield a control of the energy that will be 

the key to the removal of singularities in the next section. 

The usual Chern-Simons functional on a closed 3-manifold M is 

CS{E) = U' (SA(fH-i[SAS])) VSe^(M). 
Jm 

It is not gauge invariant, but its change C5(S) — CS{u*E) = 47r^deg(u) is de- 
termined by the degree of the gauge transformation u e G{M). The negative 
gradient flow lines of CS are the anti-self-dual connections on K x M. This can 
be seen from the fact that the diflferential dsCS : f2^(M;g) — > M is given by 

If M is a manifold with boundary, then this 1-form is not closed - its dif- 
ferential is the natural symplectic structure on il^{dM\Q), c.f. [Sa]. So it is 
natural to impose Lagrangian boundary conditions 'E\dM € C. On this subset 
of connections, the above 1-form is closed. However it is only the differential of 
a multi- valued functional. If the Lagrangian is Cy , given by the flat connections 
on a handle body Y restricted to the boundary dY = S, then this multi-valued 
Chern-Simons functional can be represented as follows. Given S e A{M) with 
S|aM € Cy one can find S e Afia,t{Y) with = S|aM and use this to define 

CScA^) = \ f (SA(f^H-|[5AS])) + ^ / (SA[SAS]). 
Jm Jy 

This is the actual Chern-Simons functional on the closed manifold M Us Y 
(where Y has the reversed orientation) of the connection given by S and S on 
the two parts. It is welldeflned only up to multiples of 47r^ due to the choice of 
different extensions S of Sj^M- A change of this extension corresponds to the 
action of a gauge transformation on M Us Y that is trivial on M . (The gauge 
equivalence class of a flat connection on Y is fixed by its holonomies on dY .) 

Our energy identities below deal with connections S G ^([0, tt] x E) with 
boundary values 'E\^^q,S\^=t^ G Cy- These can be put into the special gauge 
S = A with A : [0, tt] A{Ti). So equivalently to C5£y(S), we can define the 
local Chern-Simons functional for smooth paths A : [0, tt] — > .4(E) with 
endpoints A{Q),A{it) g Cy (that will actually be welldefined for short paths): 

CS{A) = -^ r [ {AAd^A)d<f> (15) 
Jo Jt. 

- ^j^{A{Q) A [i(0) A Am ) + ^,J^{A{n) A [i(7r) A A(7r)] ), 

where i(0),i(7r) G AiudY) such that A{0)\oy = A(0), A{n)\dy = A{Tr), and 
||i(0) - i(7r)|U3(y) < Cy\\A{0) - A{n)h2^j:y (16) 
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Here Cy is the constant from lemma 1.6 (ii), which ensures the existence of the 
extensions A{0) and A[-k). This CS{A) equals the above CiS^^ (S) in the special 
gauge. So a priori it is defined only up to multiples of 47r^ due to the freedom 
in the choice of the extensions A{{)),A('k). However, we will sec below that for 
sufficiently small Jg ||30y4.||^2(j;-) this Chern-Simons functional is welldefined, i.e. 
any choice of extensions A{'k),A{Q) that satisfies (16) will give the same value 
for CS{A). 

Proof of lemma 1.8 : Let A : [0,7r] be a smooth path with 

A{Q),A{t:) £ £y and \\d^A\\]^2(^j2) < where e > will be fixed later on. 
Consider any flat connections A{0),A{tt) G .Aflat(^) such that ^(0)|ay = A{0), 
A{'jT)\dY — A{tt), and (16) holds. With these we calculate 



Jo 



I I {AAd^A)d(P 



{A{o) + j;^ d^A{e) d9) A d^Ai<p) ) d<^ 

/ {d4,A{e) A d^A{cj,) )ded<P+ [ (A(0)AA(7r))-(A(0)AA(0)) 
is Je 

= / r [ { d^A{0) A d4,A{^) )d0d<P+ I { di(0) A i(7r) ) - ( i(0) A di(7r) > 
Jo Jo Js Jy 

Now use the fact that -^4(0) = ^a{w) ~ ^ choose e < ^ to obtain 

cs{A) = -^ [ r I {d4,A{e)Ad^A{(i^))ded(t> 

Jo Jo Jt, 

\ [i(0) A Am A A{n) ) - (i(0) A [A{n) A i(7r)] ) 
± [i(0) A i(0)] A i(0) ) - ( [i(7r) A A{-k)] A A{-k) ) 



+ 4 



TT f4) 

' {d4,A{9) Ad^A{(j3))d9d(t> 



JO 



3^ [(i(0) - i(7r)) A (i(0) - i(7r))] A (i(0) - i(7r)) ) 



|C5(A)|<m ||a^yl||^,(^^d</.j +^g|A(0)-A(7r)||^3^^) 
< {l + ^\\A{Q)-A{-K)\\^,^^^) (^f^\\d^A\\^,^^^d^^ 



2 



2 



If we choose e > small enough, then this implies that our choice of extensions 
will always yield values CS{A) e [—• 7r^,7r^]. As seen before, CS{A) is the usual 
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Chern-Simons functional on the closed 3-manifold Y U^^jxe [0, tt] x E U{o}xe Y 
of the connection given by A{tt), A, and A{0) on the different parts. If we change 
the extensions A{0) and A{tt), then this corresponds to changing the connection 
on the closed manifold by one gauge transformation (that is nontrivial only in 
the interior of Y and Y). Hence the Chern-Simons functional will change by 
a multiple (the degree of the gauge transformation) of 47r^. This cannot lead 
to another value in the interval [— tt^, tt^], hence the value of CS{A) is uniquely 
determined by the condition (16) on the extensions. □ 

The Chern-Simons functional is the starting point for the removal of singu- 
larities in theorem 1.5 and remark 1.9. In both cases, the energy on a neigh- 
bourhood of the singularity can be expressed by the Chern-Simons functional 
(of the connection on the boundary of this neighbourhood in a certain gauge). 
This will yield a control on the energy near the singularity. In the interior case, 
remark 1.9, we fix the radius ro > and a metric of normal type on _B x S. We 
use the following notation for circles and punctured balls centered at 0, 

Sr ■■= dBr, B; := Br{Q) \ {0} C R^ B* := B;^. 

We then consider a connection S e A{B* x E) that is anti-self-dual, 

*Fh + i^H = 0. (17) 

Using polar coordinates r G (0, ro], G [0, 2it\ on B* we assume as in remark 1.9 
that the connection is in the gauge 'R = A + Rdr with no d^-component and 
A : D n^(T,,Q), R : D ^ n°{T,,Q). Then (17) then identifies the curvature 
components 

= r-^d^R, *{drA~dAR) = r'^d^^A. 

Hence for < p < ro the energy of the connection on x E is 

£{p):=\ f r r(||F^||i.(^)+r-2||a^A|||.(^))rd<Adr. (18) 

Jb'xi: Jo Jo 

We shall see in lemma 4.1 (i) that in this gauge the Chern-Simons functional on 
5r x E equals the energy £{r), which leads to a decay estimate for the energy. 

In the boundary case, theorem 1.5, we fix a radius rg > and a metric of 
normal type on Z) x E, and we denote the punctured half balls by 

:=S,.(0)\{0} n M^, D*:=Dl^. 

We consider a connection S G A{D* x E) that solves the boundary value problem 

r*FH + fH = o, 

I S|(,,o)xEe-Cr Vse [-ro,0)U(0,ro]. ^'^^ 

Using polar coordinates r € (0,ro], ^ G [0,7r] on D* we can always choose a 
gauge 'E = A-\- Rdr with no d^-component. Then the energy function is 

£:(p):=i / = r r{\\FM\U^^+r-'mA\\l.^^^)rd<l>dr. (20) 

Jd'xt. Jo Jo 
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Wc shall sec that for sufficiently small p > this energy equals the local Chern- 
Simons functional CS{A{p, •)), and this yields a decay estimate for the energy. 

Lemma 4.1 

(i) Let S e A{B* x S) satisfy (17) and f (ro) < oo, and suppose that it is in 
the gauge S = A + i?dr with $ = 0. Then for all r <ro 

£{r) = -C5(S|s^,s) < i ^'"||90A(r,<^)||^,(^^d^^ < 7rrf(r) 

and hence £{r) < Cr^^ with P = ^ > and some constant C. 

(a) Let S e A{D* X E) satisfy (19) and f (ro) < oo, and suppose that it is in 
the gauge E = A + Rdr with $ = 0. Then there exists < ri < tq such 
that for all r <ri 

£(r) = -CS(A{r,-)) < (^j^^ \\d^A{r,^)\\^,^^^Ac^ < TTr£{r) 

and hence £{r) < Cr^l^ with j3 = ^ > and some constant C. 

Note that for every connection on B* x S (and similarly for D* x E) with finite 
energy the decay of the energy £{r) ^ as r ^ is automatic: The assumption 
£{ro) < 00 just means that the limit ^ J^^ \b )xe = ^(''o) — ^('") — > ^(''o) 
exists as r ^ 0. Now this lemma allows to control the rate of decay of £{r) for 
anti-self-dual connections or solutions of the boundary value problem (19). 

The proof of lemma 4.1 will make use of lemma 5.4, which implies that 

r^\mr,mh(^)d^ < C£{2r) — . 0. 

For any smooth connection with finite energy there always exists a sequence 
ri — > for which the above integral converges to zero. This suffices for the proof 
of lemma 4.1 (i), but in case (ii) wc need this control for all sufficiently small 
r > in order to be able to use the local Chern-Simons functional. Lemma 4.1 
will only be used for the proof of theorem 1.5 and remark 1.9 and does not affect 
the other results in section 5, so we can indeed use lemma 5.4 in its proof. 

Proof of lemma 4.1: We start with the interior case (i). Let < p < ro, 
then by assumption £{p) < £{ro) is finite, i.e. it exists as the limit 



/(Bp\B5)xE 

Due to the anti-self-duality of i^^ wc can rewrite 



J{Bp\Bs)x-E J{Bp\Bs)xi: 

= -\[ d(SA(FH-i[SAS])) 

J(B„\Bf,)xT, 



'(Bp\Bi)xS 

-C5(S|s,xe)+C5(S|s,xe). 
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Here the Chcrn-Simons functional on S'^ x S for r = p and r = 5 is not gauge in- 
variant but changes by multiples of 47r^ under gauge transformations of nonzero 
degree. However, the special gauge S|5^xe = -A{r, •) : [0, 27r] -AiJ^) fixes these 
values, and we obtain 

C5(S|5.xE) = -i r I {Ahd^A)d4> 

7o Jo JT, 

Hence for all < r < tq 

2|C5(S|s.xe)| < (^'^||S^A(r,0)||^,(^)d/ 



/'27r /'27r 



Now wc know by lemma 5.4 that the last expression (and thus also the length 
of the path A{r, ■) S ^"'^(S) ) goes to zero as r ^ 0. Thus we obtain 



/■27r 

£{p) = -C5(S|s,xe) < Itt p''\\F^{p,4>)\\^,^^^d<p = T^p£{p), 

pro 

^ Inf(r) < ln£(ro)- / (7rp)-Mp = ln£:(ro) - Mnro + ^ Inr. (21) 

J r 

Hence we have £{r) < Cr^^^ with = ^ > 0, which proves (i). 

In (ii) we also have for all < p < ri (where ri > will be fixed later on) 

£{p)=^mjf \F^\\ 

J{Dp\De)x'£ 

We aim to express this as the difFcrcncc of a functional at r = p and at r = ^. 
The straightforward approach as in (i) would pick up additional boundary terms 
on {(p = 0} and {(p = tt}. Wc eliminate these by glueing F to S = dY and 
extending the connections A{r,0), A{r,TT) G Cy to flat connections on Y. More 
precisely, the oriented boundary of {Dp\Ds) x S consists of {r = p} = [0, tt] x S 
and {r = (5} = [0, tt] x Y, and the additional parts {0 = 0} = [6, p] x E and 
{(f) = tt} = [6,p] X fi (where E has the reversed orientation). So we glue in 
[6, p] xY and [6, p] x ? to obtain the smooth 4-manifold 

X{S, p) = [5, p]xY U{^=„} {Dp \Ds)xE U{^=o} [S, p]xY 

which has the boundary component Y U^^^^y [0, tt] x E U{^=o} xF at r = p and 
with reversed orientation at r = 5. 
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Next, A{-,0) and A{-,tt) arc smooth paths in Cy H A{T,). So wc can pick 
smooth paths of extensions A{-,0),A{-,tt) : [6,p] ^flat(^)- We also extend 
the functions R\^=o and R\^=tt from [S,p] x S to smooth functions and R„ 
on [S,p] X Y. These extensions match up to a W^'°°-connection on X{S,p), 

A{-,tt) + R^dr ■,on[S,p] xY, 
A + Rdr ;on (Dp \L>5) X S, 

i(-,0)+^odr ■,on[S,p]xY. 

We will choose the two paths of extensions ^(-,0) and A{-,tt) such that for all 
S < r < p the functional C{A{r, ■),A{r, 0),A{r, tt)) given by (15) with these ex- 
tensions equals the local Chern-Simons functional CS{A{r, •)). For this purpose 
let e > be the constant from lemma 5.4 and choose < ri < ^ro such that 
£{2ri) < £. Then for all < r < n 

2 



\d^A{r,(t>)\\ri(y^.d(t>] < TT / \\d^A{r,(t))f 



^ ' / Jo ^ ' 



< 



^£r'\\F^{r,<P)\\l,^^^dcP < C£{2r). 



Now choose ri > even smaller such that C£{2ri) < min(7r^,e^) with e > 
from lemma 1.8. Then the lemma applies to A{r,-) for all < r < ri. In 
particular, since p < ri, we can choose the two paths of extensions to end at 
i(p, 0) and i(p, tt), and hence C{A{p, •), A{p, 0), i(p, tt)) = CS{A{p, ■)). 

Moreover we know that for all r G [S,p\ the path A{r, •) is sufficiently small 
for the local Chern-Simons functional CS{A{r, •)) to be defined and take values in 
[—77^, TT^]. Now C{A{r, •), A{r, 0), A{r, tt)) is a smooth function of r G [S, p] whose 
values might differ from CS{A{r, •)) by multiples of 47r^. We have equality at 
r = p and hence by continuity for all r € [S, p] as claimed. Thus we actually 
obtain the local Chern-Simons functional from C<S(S) on dX(6,p), 



(r>p\r>5)xE Jx{s,p) 



= -h I (SA(Fg-i[SAS])) 

JdXiS.p) 



'dX(5,p) 

= -CS{A{p,-))+CS{A{6,-)), (22) 

Here we have F^Ai^s = -|FHpdvolon {Dp\Ds)xi: and F^AF^ = 0on [5,p]xY 
since F^ vanishes on the 3-dimensional slices {r} x Y. Now by lemma 1.8 

/ 211 - / .Ml2 



\CS{A{r,-))\ < ^ ||a^A(r,</.)||^,(^)d<^j < - r'\\Fs{r, 
As r — > this expression converges to zero by lemma 5.4. Thus for all < p < ri 

£ip) = -CS{A{p,.)) < ^ £ p''\\Fs{p,<P)\\l,^^^dcP = np£{p). 
As in (21) this imphes £{r) < Cr'^^ for all < r < n with /? = ^ > 0. □ 
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5 Removal of singularities 



This section gives the proofs of theorem 1.5 and remark 1.9. We will also prove 

a more general removable singularity result, theorem 5.3, that does not require 
the connections to solve an equation but only assumes a decay condition on the 
curvature. For solutions of (2), as a consequence of the isoperimetric and by 
the lemma below, this decay condition is equivalent to the connection having 
finite energy. In the case of interior singularities of anti-self-dual connections 
the same is true if we assume the existence of a special gauge as in remark 1.9. 
Throughout this section we fix metrics of normal type on D x S and B x 12. 

Lemma 5.1 Let 'B be a smooth connection on D* x E or B* x E. Suppose that 
it satisfies (19) or (17) respectively. Then the following are equivalent: 

(i) £{r) < Cr'^^ for all r <ro and some constants C and (3 > 0. 

(a) sup^ ll-FkC?", '?f>)||i,2(£;) < Cr^~^ for all r <ro and constants C and /? > 0. 

(Hi) Ili^HllLP < 00 for some p> 2. 

More precisely, (i) and (ii) are equivalent for fixed /3 > 0, (i) implies (Hi) for 
2 < p < I with i > and (Hi) implies (i) with /3 = 1 — |. 

Moreover, (i) implies for some constant C on D* x S and B* x E respectively 

(iv) ||FH(r,(/.)|U..(s) < CV'5-2(sin(/.)-2 for all r < ro, <^ S (0,7r). 
(iv') ||i^H(r,<^)|Uoo(s) < C'rl^-^ for all r<ro,4>& [0,27r]. 

Remark 5.2 // (19) or (17) in the above lemma are not satisfied, then still 
{ii) (i), {Hi) {i), and {ii)k{iv) ^ {Hi) or {ii)k.{iv') ^ {Hi) respectively. 

We will first show how this lemma and the subsequent theorem imply our 
main results, and then give all proofs. The following removal of singularities 
assumes a control of the curvature as given by lemma 4.1 and 5.1 for finite 
energy solutions of (19) or (17). 

Theorem 5.3 

(i) Let S G A{B* x E) satisfy (ii) and (iv) of lemma 5.1 with some constant 
/3 > 0. Assume in addition that there exists a gauge in which S = A + RAr 
with $ = 0. Let 2 < p < | such that ^ > Then there exists 

u e ^ioc(-B* X 5^) such that u*E extends to a connection S e >1^'P(S x E). 
Moreover, if S is anti-self-dual, then S will also be anti-self-dual. 

(ii) Let S G A{D* x E) satisfy (ii) and (iv) of lemma 5.1 with some constant 
/3>0. Let2<p<^ such that ^ > Then there is u G Qf^^{D* x E) 

such that u*2 extends to a connection S S ^^'^'(D x E). 
Moreover, ifE satisfies (19), then S will be a solution of (2). 
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Proof of theorem 1.5 and remark 1.9: 

Let S e A{D* X E) satisfy (19) and have finite energy £{ro) < oo. Then 
lemma 4.1 (ii) impUes that £{r) < Cr^'^ with /3 > 0, and hence we also have (ii) 

and (iv) as in lemma 5.1. Now pick any 2 < p < |, and in case < ,5 < 2 choose 
it such that p < Then theorem 5.3 (ii) provides a gauge transformation 

u e gfa^{D* X E) such that u*E = Sju^xs, where E e A^^^iD x E) is a solution 
of (2). By the regularity [W3, Thm A] for solutions of (2) we can multiply u 
by another gauge transformation in Q^'P{D x E) (hence still u S Gi^^{D* x E)) 
such that S e A{D x E) is smooth. 

Since on D* x E both S and S are smooth and u*S = S (i.e. du = uS — Su) 
we also know that u € Q{D* x E) is smooth. 

The proof of remark 1.9 is exactly the same. Here lemma 4.1 (i) and the- 
orem 5.3 (i) require the assumption that E! e A{B* x E) is gauge equivalent 
to a connection with $ = 0. Moreover, this argument only uses the wellknown 
regularity theorem for anti-self-dual connections (see e.g. [Wl, Thm 9.4]). □ 

Lemma 5.1 will be a consequence of the following mean value inequalities. 

Lemma 5.4 There exist constants C and e > such that the following holds. 
Let E be a smooth connection on D* xY, or B* xY, that satisfies (19) or (17) 
respectively. Suppose that £{2r) < e for some < r < ^tq, then 

(i) OnD* xE and B* xT, sup ||JH(r-, 0)||i2(s) < Cr-'^£{2r). 

<P 

(it) OnD* xY for all (j) e (0,7r) ||^H(r, <^) llioo(s) < C(r sine/)) ^''£:(2r). 

(ii') OnB* xT, for all (j) e [0, 27r] ||FH(r, (/')||ioo(j:) < Cr'^f (2r). 
Proof: We prove (i) in three steps and deduce (ii) and (ii') in the fourth. 
Step 1: We find constants C and e > such that under the above assumptions 

sup r ||FH(r,(?i)||i2(s) < C. 

Assume that for some fixed £ > (that we shall fix later on) there is no such 
bound C. Then we find a sequence of smooth connections on D* x E or B* x E 
satisfying (19) or (17) respectively, and we find r°° G [0, iro] and (j}" cff° 
such that £"{2^) < e but f" ||FH''(r'',^'')||L=(E) oo. Here £•"{■) denotes the 
energy function (20) or (18) of S''. Given this we can choose < < ^f" such 
that ^ but still ||-Fh- (f'', <^'') ||l2(e) ^ oo. The Hofer trick, lemma 2.6 
then yields < < (in particular e" 0) and {r^jcj}") {r°°,(j)°°) such 
that the following holds: Firstly, with R" := 2\\Fs^{r'', (/''')||l2(s) ^ oo we have 

£-i?- > 2e-'\\Fs^{r,r)\\L-i^) ^ oo. 

Secondly, 
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Here B^i^ {r'^ , (f)'^) denotes the Euclidean ball, where just the center (r^,0^) is 
given in polar coordinates. It is contained in because jr"^ — f^l < e" < ^f" . 
Moreover, in the boundary case it is understood to be intersected with D, so 

it is contained in -D2f'^- Now proposition 2.7 (ii) (with a fixed metric and any 
A > 0) provides a constant C such that for all sufficiently large z/ G N 

Putting this into the estimate of lemma 2.3 we obtain on Bi^t,{r'', (f>") 

with another constant C, and in the boundary case moreover 

llF-JP < CfllF-JI^ +\\F-A\^ ) 
atli=oll - - ^\\r~ \\L-^{j:)^\r^ \\L-^j:}}- 

Now we fix £ = i/iC~^ with the /x > from proposition 2.5. Then due to 
£"{2f") < s the mean value inequality applies to the functions H-Fh" ||i2(£) and 
yields with a new constant C 

\\F^^{r^An\\l^^)<C'{{Rn' + {en-') [ \\P^4U^y 

If we moreover choose e < then this imphes 2{R'Y < {R'^Y + {£^)~'^ and 
thus {e^'R^'f < 1 in contradiction to e^R"" oo. 

Step 2: We find constants C and e > such that under the above assumptions 

sup ||FA(r,0)|Uoc(E) <C. 

Again arguing by contradiction we find a sequence of smooth connections 2"^ on 
£)* xE or 5* xE satisfying (19) or (17) respectively, moreover r'' ^ r°° G [0) ^^o] 
and (j)" 4>°° such that E''{2r'') < s but {r")'^ WFA-ir", <?!''')||i,~(e) ^ oo. 
Let < < ^r'', then we know from step 1 that for some A > 

\\FB^{r,mLHj:) < 2(r'')-iA V(r,(^) e 

Now choose R" > 2(r'')~^A such that R" oo, then the above is true with 
= AiR")-'^ < ^r". Furthermore, e"" ^ and e^R"" = A > 0. So proposi- 
tion 2.7 (ii) asserts that for sufficiently large i/ e N and some constant C 

||FA.(r^<^'^)|Uoo(J:) < C{R''f = ACA\r'')-^ 

in contradiction to (r"^)^ \\FA''{r'^ ,4''^)\\l'=°{-e) — > oo- 
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step 3: Proof of (i) 

Fix a connection S as assumed and consider a point (r, 4>) with f (2r) < e. Here 
we first choose £ > as in step 2. The Z/°°-bound from step 2 can be put into 
the estimate of lemma 2.3 to find another constant C such that on Bi^[r, (p) 

In the boundary case this lemma also provides 

Now we can choose a smaller £ > such that e < ^fj,C~'^ with the fj, > from 
proposition 2.5. Then wc obtain the following mean value inequality for the 
function ||Jh||^2(5^) with another constant C", 

\\Fs{rA)\\l^^^ < C'V' I ||Fh||1.(^) < 2C'r-H{2r). 



Step 4: Proof of 

It suffices to prove the estimates for r < fo with some fixed fo > 0, since then 
in case fo < r < ^ro (and similarly in the boundary case) 

l|i^H(r,</.)||ioo(^) < C{fo)-'£{2fo) < c(^)VV(2r). 

First, let fo > be the minimum of the injectivity radius on S for the metrics 
gs^t- Then we choose f o > even smaller such that the puUback of all these met- 
rics under normal coordinates on a ball of radius fo is C^-close to the Euclidean 
metric on M^. Thus we will be able to work with uniform constants C and /x > 
in proposition 2.2. 

In the interior case we consider a connection S as assumed and any point 
{r,(f),z) e B^^ X S. The normal coordinates centered at this point give a coor- 
dinate chart on Bi^(O) C ffi^. Prom lemma 2.3 we have a uniform constant C 
such that on -Bi^(r, 4>,z) C B* xY, 

A|Fh|^ < C\F-e\^ + %\F^f . 

Now let < e < then proposition 2.2 applies to the puUback of the function 
|Fh|^ on the coordinate chart Bi^(O) and asserts that 

\F-s.{r,(l),z)\^ < C(l + r-'*) / \Fs\^ < Cr-'^£{2r). 

JBi^(r,<t>,z) 

Here C denotes any finite constant and we have used 1 < (ro)^r~^. 

In the boundary case on D* x S we use the same mean value inequality on 
the ball Bp{r, (p, z) C D* x E of radius p = sin ^ for any (r, (j), z) G D^^ x E 
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and < < TT. The normal coordinates centered at (r, cfi, z) give a coordinate 
chart on the fuU bah -Bp(O) C M"*. With the same estimate on A|FhP and the 
same £ > as above we then apply proposition 2.2 to obtain 

\FB.{r,<t),z)\^ < C{l + p-^) [ |Fh|^ < C{rsm(j))-'^£{2r). 

iSp(r,0,z) 

Again, C denotes any finite constant, and 1 < (ro)^(r sinc/))"^. □ 

Proof of lemma 5.1 and remark 5.2: We will use C and C to denote all 

finite constants. These might depend on the connection S. 

(i) ^ (ii) : Since S{ro) < oo we must have £{r) ^ as r — > 0. So we find f > 
such that for all < r < f we obtain from lemma 5.4 

sup||FH(r,<^)|U2(j:) < r-^^/C£{2^ < C'r^-\ 

For f < r < ro we have with a constant C" depending on f or ro 

sup||i^H(r,</.)|U2(s) < sup sup ||FH(r,</.)|U2(s) = C < C'r^-\ 

4> re[r,ro] 

{ii) => (i) : Without using (19) or (17) we can simply calculate for all p < ^ro 



Jo J Jo 
This already implies £{ro) < oo. Then for < p < ro we have 
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£{p) < £{ro){kro)-'^'p'' = Cp'^. 

(i) (iw), {iv') : Since S is smooth away from {0} x S it suSices to establish 
the estimates for all < r < f. We pick f > such that the assumptions of 
lemma 5.4 are satisfied, in particular £{2f) < e. Then in the boundary case and 
the interior case respectively the lemma asserts 



l|i^B(r,0)||L~(s) < {rsm4>)-^^C£{2r) < C'rf'-^sin^)-^ V0£(O,^), 
\\FE{r,mL^(^) < r-^VC£{2r) < C'r^'^ V0e[O,27r]. 

(i) {Hi) : This works the same for D* x T, and B* x E, so we only consider 
the first case. (In the second case, the sin0-factor can be dropped.) We al- 
ready know that (i) implies (ii) and (iv). Then just working with these two 
assumptions, we can interpolate for all p > 2 



l-F^II^^/i-.. ■<n\ = lim 



pro pTT 

<\imC / r('5-2)(P-2)+2(/3-i)(sin<^)-2(p-2)rd</.dr 
< lim 2C j^lct^)-^^"-^^ del, dr. 
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Here we use sincj) > ^cf) for <j) G [0, f]- The ^-integral is finite for p < |, and 
the r-integral converges to a finite value if (/? — 2)p > —4. So if /3 > 2, then we 
just need 2 <p < |, and if /? < 2, then we need in addition p < 

(Hi) => (i) : This is the same calculation for both D* x T, and B* x S, and it 
works without the assumption (19) or (17). In the first case for all r < tq, 



£{r) = limi / \F. 



|2 



(£>r\D5)xE 



< iVol(£)^ X S)^-t lim(/ \Fsf)' < C'r^ 



Proof of theorem 5.3: We will give the full proof in the boundary case (ii) 
and point out where it differs (mostly simplifies) in the interior case (i) . 

Given a connection S € A{D* x S) as assumed we first put it into the 
special gauge E = A + Rdr with A : D* ^ ^(S) and R : D* ^ C°^{^,9) 
such that R\4,=^ =0 (and $ = 0). This is achieved by a gauge transformation 
u G G{D* X S) that is determined as follows: For every 2 G S first solve 
drU = —Ru with initial value u(ro, f ,2;) = 1, to determine u{-, f ,2), then for 
each r G (0, ro] use this as initial value and solve S^u = — $u to obtain u{r, (j), z) 
for all (j) G [0, tt]. That way the gauge is fixed up to a gauge transformation on S, 
i.e. independent of (r, (p) & D* . (In case (i) this construction does in general not 
yield u{r, 0, z) = u{r, 27r, z) and hence define a gauge transformation on B* x S. 
Thus the existence of this gauge is an assumption in the theorem. Given this 
gauge, one then only needs to solve drU = —Ru a,t (j) = In this gauge and 
splitting, the norm of the curvature is 

\Fb\^ = \Fa\^ + \drA-dAR\'^ + r-'^\d4,R\^ +r-^\d^A\^. 
In particular, note that 

Next, we can combine the assumptions (ii) and (iv) as in lemma 5.1 to obtain 
for any g > 2 (in case (i) even without the sin (p-tevm) 

||FH(r,<^)||«,(^) < ||FH(r,<^)||rJ(^)||FH(r,</.)||^,(^) < Cr^-C^-^^sin 0)^-29. 

By integrating this over D* we recover (iii) of lemma 5.1: If 2 < p < | (in case 
(i) we only need p > 2) and ^ > then 

mUn,.., < Cp'-^'-^> 0. (23) 
Moreover, for any g > 2 we can read off for all < r < ro and Q < (j) <-k 



sm( 
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Integrating the second estimate shows that for i > there; exists a hmit 
S(r, f ) = A(r, f ) ^ Aq e yl°'P(E) as r ^ 0. The first estimate then imphes 
S(r, •) Aq in C°([0, tt], This motivates the following construction: 

Fix a smooth cutoff function h : [0, oo) [0,1] with /i|[o,£] = and 
h\[i-e,oo) = 1 for some e > Q and such that \h'\ < 2. Now for every < p < ^Tq 
we set Ap := E{p, f ) G ^(S) and define EP e ^(£> x E) by 



Note that = S|£)\Dp- We will find gauges for some sequence S^*, 

Pi — > such that these connections converge W^'^-weakly. The limit will then 
be the extended connection S £ A^'P{D x S), and the gauge transformations 
will converge on £)* x S to u € G^^^ such that u*E = S|£). xs- This weak limit 
will be a consequence of Uhlenbeck's weak compactness theorem, so we have to 
control the curvatures 

Fhp= dAp + /i(p(dS-dA,) - i/i'(r)(s-^,)Adr 

+ '^[ApAAp] + lh{^^f[{E-A,)A{E-Ap)] + h{^^)[Ap A {E - A^)] 
= (l-MP)^^A. + MPJ^H - i/.'(p(S-^,)Adr 

+ i(Mp'-Mp)[(s-A,)A(s-A,)]. 

From (23) we know that e Lp{D x'E). Now we shall see that F^p — >• Fs in 
LP{D X S) as p : 

lip P II < II Pa II -L II F II 

II -|ll,P(£)xS) — Ir llif (DpXE) II -|li:,p(_DpXS) 

+ ^11" - 4 II + II" - 4 11^ 

^ p\\^ ^A'lli:,p(£)pxE) ^ II" ^p\\L2p{DpXi:y 

The second term on the right hand side converges to zero by (23). For the first 
term we use (24) and recall that p > 2 such that ^ > so 

llF, ||f = / \\F~(o 2t)ir < InCr^-^'^-'^^P > 

Ir^pllLP(DpXS) lr = ^^' 2^IIlp(E) - 2^'^' ^ ^• 



To control the other two terms we first calculate for general q > 2, assuming 
E-A„ 



q 4:, - + (3^1, and denoting all constants by C 



P\\Li{DpX'S) 



[ [ drE{t,^)dt+ [''' d^E{r,e)d0 
Jd„ Jp if 



(25) 



L9(S) 



<C I' I U r ti+'^-'^ dt + r rt+'^-^(sin6l)t-2d6») rd^dr 

Jo Jo \Jr J(t> J 

< cp^-d-'^)'. 
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Here we have used the fact that sm9 > ^9 for G [0, f ]. The ^-integral then 
gives a finite value for q < 5 and the r- integral converges for | > For 
P — I we have to deal differently with the f-integral in (25), but still 



q 



rP / rP \ 9 rP r°° 

J U t~^dt] rdr = J rln(£)Mr = J p^e'^^y'^dy = Cp^. 

So (25) holds for 2 < g < 5 if g 7^ 4 and ^ > These conditions are all 

satisfied for g = p since > So (25) implies 

pll P|lLP(I5pXS) - 



2-/3 . 1-/3 



Finally, wc can choose q = 2p in (25) since then A < q < 5 and ^ > > 
If we also note that - > > 1 — /3, then this gives 



4 



Thus we have checked that WF^p — -FhIIlp(DxE) ^ as p 0, and hence 
II-Pep llip(DxE) must be bounded for p G (0, ^ro]. In order to apply Uhlen- 
beck's weak compactness theorem ([U2, Thm 1.5] or [Wl, Thm A]), we choose 
a closed subset -Dim ^ U C 'mt{D) with smooth boundary, and wc denote 
U* = U \ {0}. Then for some sequence pi ^ there exist gauge transfor- 
mations Ui S G'^'^{U X S) such that the gauge transformed connections u*EP' 
converge 11^-'^'^- weakly to some 5 S A^'^{U x E). On every compact subset 
-ftr C t/* X E we have US'** — S||x,yi,p(-^) 0. In particular both ||vi/i.p(k) 
and ||^^i,p(^) are bounded and thus |lM^^dMi||;yi,p(ii:) is bounded. Hence 

for some further subsequence, Mi | [/» x e converges to some u e Qf^^ ([/* x S) in the 
C°-topology and in the weak W^^'^-topology on every compact subset (see e.g. 
[Wl, Lemma A. 8]). Furthermore, u*S|[/.xe = S|{7. xe since on every compact 
subset both are the weak PF^'^'-limit of w*S^*. 

On (D \ U) X T, wc can now choose an extension of u and define S = 7i*S 
to obtain the claimed gauge transformation u € G\oc{^* ^ ^) ^^'^ extension 
S e A^'P{D X E) with w*S = S|d»xe The interior case (i) is proven exactly the 
same way. Just the estimates are simplified due to the absence of the sin (/)-tcrm. 

Furthermore, if S is anti-self-dual, then in both cases we also know that 
S is anti-self-dual since \\Fa + *^i:l|Lp(DxE) = \\Fu*s + *-P'«*h||l!'(dxe) = 0. 
Finally, suppose that S has Lagrangian boundary values S|(s o)xe G for 
all < \s\ < rg. Since Cy is gauge invariant and ^'^\{r>p} = '^\{r>p} we 
thus know for every < |s| < ro that w*S''' |(s.o)xe S Cy for all sufficiently 
large z G N. Moreover, u*'E.P' is bounded in W^'P{D x E), and the embedding 
W^^P{D X E) C°(L>,LP(E)) is compact (see [W3, Lemma 2.5]). So some 
subsequence of ■u*S''*|(s^o)xe converges in ^'^'^(E) for all — ro < s < tq. Since 
Cy C ^'^'^(E) is closed this implies o)xe '= for all < |s| < ro- This also 
holds at s = since o)xe G ^"'^(E) is a continuous path for s G [—ro,ro] 
by the embedding W^^P{b x E) C°{D, ^^'(E)). □ 
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